DISCRETE-TIME SIGNALS
AND SYSTEMS

2.0 INTRODUCTION

The term signal is generally applied to something that conveys information. Signals
generally convey information about the state or behavior of a physical system, and
often, signals are synthesized for the purpose of communicating information between
humans or between humans and machines. Although signals can be represented in many
ways, in all cases the information is contained in some pattern of variations. Signals are
represented mathematically as functions of one or more independent variables. For
example, a speech signal is represented mathematically as a function of time, and a
photographic image is represented-as a brightness function of two spatial variables. A
common convention—and one that usually will be followed in this book—is to refer
to the independent variable of the mathematical representation of a signal as time,
although in specific examples the independent variable may in fact not represent time.

The independent variable in the mathematical representation of a signal may be
either continuous or discrete. Continuous-time signals are defined along a continuum
of times and thus are represented by a continuous independent variable. Continuous-
time signals are often referred to as analog signals. Discrete-time signals are defined at
discrete times, and thus, the independent variable has discrete values; i.e., discrete-time
signals are represented as sequences of numbers. Signals such as speech or images may
have either a continuous- or a discrete-variable representation, and if certain conditions
hold, these representations are entirely equivalent. Besides the independent variables
being either continuous or discrete, the signal amplitude may be either continuous or
discrete. Digital signals are those for which both time and amplitude are discrete.

Signal-processing systems may be classified along the same lines as signals. That
is, continuous-time systems are systems for which both the input and the output are
8
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continuous-time signals, and discrete-time systems are those for which both the input
and the output are discrete-time signals. Similarly, a digital system is a system for which
both the input and the output are digital signals. Digital signal processing, then, deals
with the transformation of signals that are discrete in both amplitude and time. The
principal focus in this book is on discrete-time (rather than digital) signals and systems.
However, the theory of discrete-time signals and systems is also exceedingly useful for
digital signals and systems, particularly if the signal amplitudes are finely quantized. The
effects of signal amplitude quantization are considered in Sections 4.8, 6.7-6.9, and 9.7.

Discrete-time signals may arise by sampling a continuous-time signal, or they may
be generated directly by some discrete-time process. Whatever the origin of the discrete-
time signals, discrete-time signal-processing systems have many attractive features. They
can be realized with great flexibility with a variety of technologies, such as charge
transport devices, surface acoustic wave devices, general-purpose digital computers, or
high-speed microprocessors. Complete signal-processing systems can be implemented
using VLSI techniques. Discrete-time systems can be used to simulate analog systems
or, more importantly, to realize signal transformations that cannot be implemented
with continuous-time hardware. Thus, discrete-time representations of signals are often
desirable when sophisticated and flexible signal processing is required.

In this chapter, we consider the fundamental concepts of discrete-time signals and
signal-processing systems for one-dimensional signals. We emphasize the class of linear
time-invariant discrete-time systems. Many of the properties and results that we derive
in this and subsequent chapters will be similar to properties and results for linear time-
invariant continuous-time systems, as presented in a variety of texts. (See, for example,
Oppenheim and Willsky, 1997.) In fact, it is possible to approach the discussion of
discrete-time systems by treating sequences as analog signals that are impulse trains. This
approach, if implemented carefully, can lead to correct results and has formed the basis
for much of the classical discussion of sampled data systems. (See, for example, Phillips
and Nagle, 1995.) However, not all sequences arise from sampling a continuous-time
signal, and many discrete-time systems are not simply approximations to corresponding
analog systems. Furthermore, there are important and fundamental differences between
discrete- and continuous-time systems. Therefore, rather than attempt to force results
from continuous-time system theory into a discrete-time framework, we will derive
parallel results starting within a framework and with notation that is suitable to discrete-
time systems. Discrete-time signals will be related to continuous-time signals only when
it is necessary and useful to do so.

2.1 DISCRETE-TIME SIGNALS: SEQUENCES

Discrete-time signals are represented mathematically as sequences of numbers. A se-

quence of numbers x, in which the nth number in the sequence is denoted x[n],! is
formally written as

x = {x[n]}, —00 < n < 00, (2.1)

where #n is an integer. In a practical setting, such sequences can often arise from periodic

1A sequence is simply a function whose domain is the set of integers. Note that we use [ ] to enclose

the independent variable of such functions, and we use () to enclose the independent variable of continuous-
variable functions.
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sampling of an analog signal. In this case, the numeric value of the nth number in the
sequence is equal to the value of the analog signal, x,(¢), at time 1T} i.e.,

x[n] = x,(nT), —00 < B < X. (2.2)

The quantity 7T is called the sampling period, and its reciprocal is the sampling fre-
quency. Although sequences do not always arise from sampling analog waveforms, it is
convenient to refer to x[n] as the “nth sample” of the sequence. Also, although, strictly
speaking, x[n] denotes the nth number in the sequence, the notation of Eq. (2.1) is often
unnecessarily cumbersome, and it is convenient and unambiguous to refer to “the se-
quence x[n]” when we mean the entire sequence, just as we referred to the “analog signal
x,(¢).” Discrete-time signals (i.e., sequences) are often depicted graphically as shown in
Figure 2.1. Although the abscissa is drawn as a continuous line, it is important to recog-
nize that x[n] is defined only for integer values of #. It is not correct to think of x[n] as
being zero for # is not an integer; x[n] is simply undefined for noninteger values of n.

x[-1] ¢*[0]

x[-2] x [1;1 2l x[n]

TT”” “Ir.zsmon
2345 [13

98-76-54-3-2-101

Figure 2.1 Graphical representation of
a discrete-time signal.

As an example, Figure 2.2(a) shows a segment of a speech signal corresponding to
acoustic pressure variation as a function of time, and Figure 2.2(b) presents a sequence

Y

}4* 32 ms ’I
(a)

[T L i

L 256 samples |

| P |
(b)

Figure 2.2 (a) Segment of a continuous-time speech signal. {b) Sequence of samples
obtained from part (a) with T = 125 us.
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of samples of the speech signal. Although the original speech signal is defined at all
values of time ¢, the sequence contains information about the signal only at discrete
instants. From the sampling theorem, discussed in Chapter 4, the original signal can be
reconstructed as accurately as desired from a corresponding sequence of samples if the
samples are taken frequently enough.

2.1.1 Basic Sequences and Sequence Operations

In the analysis of discrete-time signal-processing systems, sequences are manipulated
in several basic ways. The product and sum of two sequences x[n] and y[n] are defined
as the sample-by-sample product and sum, respectively. Multiplication of a sequence
x[n] by a number « is defined as multiplication of each sample value by a. A sequence
y[n] is said to be a delayed or shifted version of a sequence x[n] if

y[n] = x[n — no], (2.3)
where ng is an integer.

In discussing the theory of discrete-time signals and systems, several basic se-
quences are of particular importance. These sequences are shown in Figure 2.3 and are
discussed next.

The unit sample sequence (Figure 2.3a) is defined as the sequence

5ln] = {‘f nEo Y

Aswe will see, the unit sample sequence plays the same role for discrete-time signals and
systems that the unit impulse function (Dirac delta function) does for continuous-time
signals and systems. For convenience, the unit sample sequence is often referred toas a
discrete-time impulse or simply as an impulse. It is important to note that a discrete-time
impulse does not suffer from the mathematical complications of the continuous-time
impulse; its definition is simple and precise.

As we will see in the discussion of linear systems, one of the important aspects
of the impulse sequence is that an arbitrary sequence can be represented as a sum of
scaled, delayed impulses. For example, the sequence p[n] in Figure 2.4 can be expressed
as

pln] = a_aé[n + 3]+ a18[n — 1] + a28[n — 2] + az8[n - 7). (2.5)
More generally, any sequence can be expressed as

o0

x[n] = Y x[k]s[n ~ k). (2.6)

k=—00

We will make specific use of Eq. (2.6) in discussing the representation of discrete-time
linear systems.
The unit step sequence (Figure 2.3b) is given by

1, n>0,
uln] = {0, n<O 2.7)
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Unit sample

Unit step

Real exponential

]IIIITTTL

0o n
(c)
Sinusoidal
, .I]IT rl
Figure 2.3 Some basic sequences.
The sequences shown play important
roles in the analysis and representation
(@) of discrete-time signals and systems.

Figure 2.4 Example of a sequence to
be represented as a sum of scaled,
delayed impulses.

The unit step is related to the impulse by

uln] = > S[k]; (2.8)

k=—00

that is, the value of the unit step sequence at (time) index » is equal to the accumulated
sum of the value at index r and all previous values of the impulse sequence. An alterna-
tive representation of the unit step in terms of the impulse is obtained by interpreting



Sec. 2.1 Discrete-Time Signals: Sequences 13

the unit step in Figure 2.3(b) in terms of a sum of delayed impulses as in Eq. (2.6). In
this case, the nonzero values are all unity, so

uln]) =8[n]+d8n—-1]1+8rn—-2]1+--- (2.9a)

or
uln] = i 8[n — k. (2.9b)
k=0

Conversely, the impulse sequence can be expressed as the first backward difference of
the unit step sequence, i.e.,

8[n] = u[n] — u[n —1]. (2.10)

Exponential sequences are extremely important in representing and analyzing lin-
ear time-invariant discrete-time systems. The general form of an exponential sequence
is

x[n] = Ac". | (2.11)

If Aand o are real numbers, then the sequence is real. If 0 < @ < 1 and Ais positive,
then the sequence values are positive and decrease with increasing #, as in Figure 2.3(c).
For —1 < a < 0, the sequence values alternate in sign, but again decrease in magnitude
with increasing 7. If [«| > 1, then the sequence grows in magnitude as n increases.

Example 2.1 Combining Basic Sequences

We often combine basic sequences to form simple representations of other sequences.
If we want an exponential sequence that is zero for n < 0, we can write this as the
somewhat cumbersome expression

Aa”, n>0,
x[n] = {O, n<o. (2.12)

A much simpler expression is x[n] = Ac"u[n].
Sinusoidal sequences are also very important. A sinusoidal sequence has the gen-
eral form
x[n] = A cos(won + ¢), for all n, (2.13)

with A and ¢ real constants, and is illustrated in Figure 2.3(d).

The exponential sequence Aa” with complex « has real and imaginary parts that
are exponentially weighted sinusoids. Specifically, if @ = |a|e/®® and A = | Ale/?, the
sequence Aa” can be expressed in any of the following ways:

x[n] = Aa" = |Ale/®|a|"e/o"
= | A| |a|"e/ @ont?) (2.14)

= |A||a|” cos(won + ¢) + jl Al la|” sin(wen + ¢).
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The sequence oscillates with an exponentially growing envelope if |¢| > 1 or with an
exponentially decaying envelope if |¢] < 1. (As a simple example, consider the case
W=7 )

When || = 1, the sequence is referred to as a complex exponential sequence and
has the form

x[n] = lAlej(“’O"+¢) = |A| cos(won + ¢) + jlA|sin(won + ¢); (2.15)

that is, the real and imaginary parts of e/“9" vary sinusoidally with n. By analogy with the
continuous-time case, the quantity wy is called the frequency of the complex sinusoid or
complex exponential, and ¢ is called the phase. However, note that n is a dimensionless
integer. Thus, the dimension of w( must be radians. If we wish to maintain a closer
analogy with the continuous-time case, we can specify the units of w¢ to be radians per
sample and the units of n to be samples.

The fact that nis always aninteger in Eq. (2.15) leads to some important differences
between the properties of discrete-time and continuous-time complex exponential se-
quences and sinusoidal sequences. An important difference between continuous-time
and discrete-time complex sinusoids is seen when we consider a frequency (wo + 2).
In this case,

x[n] = Ael(wot+lm)n

— Aelwongi2an — Aglwon (2_16)

More generally, we can easily see that complex exponential sequences with frequencies
(wo + 27r), where r is an integer, are indistinguishable from one another. An identical
statement holds for sinusoidal sequences. Specifically, it is easily verified that

x[n] = A cos[(wg + 2ntr)n + @]

(2.17)
= A cos(won + ¢).

The implications of this property for sequences obtained by sampling sinusoids and
other signals will be discussed in Chapter 4. For now, we simply conclude that, when
discussing complex exponential signals of the form x[n] = Ae/“" or real sinusoidal
signals of the form x[n] = A cos(won + ¢), we need only consider frequencies in an
interval of length 27, such as —r < wp < 7w or 0 < wg < 27.

Another important difference between continuous-time and discrete-time com-
plex exponentials and sinusoids concerns their periodicity. In the continuous-time case,
a sinusoidal signal and a complex exponential signal are both periodic, with the period
equal to 2rr divided by the frequency. In the discrete-time case, a periodic sequence is
a sequence for which

x[n] = x[n+ N], for all (2.18)

where the period N is necessarily an integer. If this condition for periodicity is tested
for the discrete-time sinusoid, then

A cos(won + ¢) = A cos(won + woN + @), (2.19)
which requires that
woN = 2rk, (2.20)

where k is an integer. A similar statement holds for the complex exponential sequence
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Cel®m; that is, periodicity with period N requires that
efwo(fH-N) — eiwon, (2_21)

which is true only for wg N = 27k, as in Eq. (2.20). Consequently, complex exponential
and sinusoidal sequences are not necessarily periodic in n with period (27 /wo) and,
depending on the value of @, may not be periodic at all.

Example 2.2 Periodic and Aperiodic Discrete-Time
Sinusoids

Consider the signal xi[n] = cos(n/4). This signal has a period of N = 8. To show
this, note that x[n + 8] = cos(w(n + 8)/4) = cos(7n/4 + 2n) = cos(zn/4) = x[n],
satisfying the definition of a discrete-time periodic signal. Contrary to our intuition
from continuous-time sinusoids, increasing the frequency of a discrete-time sinusoid
does not necessarily decrease the period of the signal. Consider the discrete-time
sinusoid x;[n] = cos(3n/8), which has a higher frequency than x[#]. However, x;[n]
is not periodic with period 8, since x;[n+ 8] = cos(3n(n+ 8)/8) = cos(37n/8+3n) =
—x;[n]. Using an argument analogous to the one for x; [n], we can show that x;[n] has
a period of N = 16. Thus, increasing the frequency from wg = 27/8 to w9 = 37/8
also increases the period of the signal. This occurs because discrete-time signals are
defined only for integer indices 7.

_ The integer restriction on n causes some sinusoidal signals not to be periodic
at all. For example, there is no integer N such that the signal x3[n] = cos(n) satisfies
the condition x3[n + N | = x3[#] for all n. These and other properties of discrete-time
sinusoids that run counter to their continuous-time counterparts are caused by the
limitation of the time index » to integers for discrete-time signals and systems.

When we combine the condition of Eq. (2.20) with our previous observation that
wo and (wo + 27r) are indistinguishable frequencies, it becomes clear that there are
N distinguishable frequencies for which the corresponding sequences are periodic with
period N. One set of frequencies is wx = 27k/N, k=0, 1, ..., N — 1. These properties
of complex exponential and sinusoidal sequences are basic to both the theory and the
design of computational algorithms for discrete-time Fourier analysis, and they will be
discussed in more detail in Chapters 8 and 9.

Related to the preceding discussion is the fact that the interpretation of high
and low frequencies is somewhat different for continuous-time and discrete-time sinu-
soidal and complex exponential signals. For a continuous-time sinusoidal signal x(¢) =
A cos(Qof +¢), as Qg increases, x(¢) oscillates more and more rapidly. For the discrete-
time sinusoidal signal x[n] = A cos(won + ¢), as w¢ increases from wo = 0 toward
wo = 7, x[n] oscillates more and more rapidly. However, as @ increases from wg = 7
to wg = 2m, the oscillations become slower. This is illustrated in Figure 2.5. In fact, be-
cause of the periodicity in ¢ of sinusoidal and complex exponential sequences, w¢ = 27
is indistinguishable from w¢ = 0, and, more generally, frequencies around wy = 27 are
indistinguishable from frequencies around wo = 0. As a consequence, for sinusoidal
and complex exponential signals, values of @ in the vicinity of w¢ = 2wk for any integer
value of k are typically referred to as low frequencies (relatively slow oscillations), while
values of wy in the vicinity of wo = (7 + 27 k) for any integer value of k are typically
referred to as high frequencies (relatively rapid oscillations).
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w0=00rw0=2‘n'

(a)

wy =8 or wy=157/8

(b)

wq =74 orwy="T7m/4

(¢
I ‘ wqo = w
0 n Figure 2.5 COS wqn for several
different values of wg. AS wq increases
, from zero toward = (parts a—d), the
sequence oscillates more rapidly. As wq
. increases from = to 2 (parts d-a), the
{(d oscillations become slower.

2.2 DISCRETE-TIME SYSTEMS

A discrete-time system is defined mathematically as a transformation or operator that
maps an input sequence with values x[z] into an output sequence with values y[n]. This
can be denoted as

ylnl = T{x[n]} (2.22)
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Figure 2.6 Representation of a
discrete-time system, i.e., a
transformation that maps an input
— T[] p—> sequence x[n] into a unique output
x[n] yInl  sequence y[n].

and is indicated pictorially in Figure 2.6. Equation (2.22) represents a rule or formula
for computing the output sequence values from the input sequence values. It should
be emphasized that the value of the output sequence at each value of the index » may
depend on x[n] for all values of n. The following examples illustrate some simple and
useful systems.

Example 2.3 The Ildeal Delay System
The ideal delay system is defined by the equation
yln] = x[n — n4l, —00 < H < 00, (2.23)

where n, is a fixed positive integer called the delay of the system. In words, the ideal
delay system simply shifts the input sequence to the right by ns samples to form the
output. If, in Eq. (2.23), n, is a fixed negative integer, then the system would shift the
input to the left by iz, samples, corresponding to a time advance.

In Example 2.3, only one sample of the input sequence is involved in detérmining
a certain output sample. In the following example, this is not the case,

Example 2.4 Moving Average

The general moving-average system is defined by the equation
M;

1
yinl M+ M, +1 L x[n ]
=—M

1
= m{x[n+M1]+x[n+M1—1]+---+x[n] (224)

+x[n—1]+--- 4+ x[n — M,]}.

1l

x[k]

l k

SERRRY

Figure 2.7 Sequence values involved in computing a causal moving average.

This system computes the nth sample of the output sequence as the average of (M1 +
M, + 1) samples of the input sequence around the nth sample. Figure 2.7 shows an
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input sequence plotted as a function of a dummy index k and the samples involved in
the computation of the output sample y[n] forn =7, M; = 0,and M, = 5. The output
sample y[7] is equal to one-sixth of the sum of all the samples between the vertical
dotted lines. To compute y[8], both dotted lines would move one sample to the right.

Classes of systems are defined by placing constraints on the properties of the
transformation 7 {-}. Doing so often leads to very general mathematical representations,
as we will see. Of particular importance are the system constraints and properties,
discussed in Sections 2.2.1-2.2.5.

2.2.1 Memoryless Systems

A system is referred to as memoryless if the output y[n] at every value of n depends
only on the input x[n] at the same value of n.

Example 2.5 A Memoryless System

An example of a memoryless system is a system for which x[n] and y[n] are related by
y[n] = (x[n])?, for each value of n. (2.25)

The system in Example 2.3 is not memoryless unless n; = 0; in particular, this system
is referred to as having “memory” whether ny is positive (a time delay) or negative
(a time advance). The system in Example 2.4 is not memoryless unless M1 = M, = 0.

2.2.2 Linear Systems

The class of linear systems is defined by the principle of superposition. If y;[n] and y,[n]
are the responses of a system when x;[n] and x;[n] are the respective inputs, then the
system is linear if and only if

T{x1[n] + x2[n]} = T{x[n]} + T{x2[n]} = y1[n] + y2[n] (2.26a)
d
" T{ax[n]} = aT{x[n]} = ay[n], (2.26b)

where a is an arbitrary constant. The first property is called the additivity property, and
the second is called the homogeneity or scaling property. These two properties can be
combined into the principle of superposition, stated as

T{axi[n] + bxz[n]} = aT{x1[n}} + bT{xz2[n]} (2.27)

for arbitrary constants a and b. This equation can be generalized to the superposition
of many inputs. Specifically, if

x[n] = axn], (2.28a)
k
then the output of a linear system will be
y[n] = Zakyk[n], (2.28b)
k

where y;[n] is the system response to the input x;[n].

By using the definition of the principle of superposition, we can easily show that
the systems of Examples 2.3 and 2.4 are linear systems. (See Problem 2.23.) An example
of a nonlinear system is the system in Example 2.5.
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Example 2.6 The Accumulator System

The system defined by the input—output equation

n

il =) xK] 229)

k=—o

is called the accumulator system, since the output at time # is just the sum of the present
and all previous input samples. The accumulator system is a linear system. In order to
prove this, we must show that it satisfies the superposition principle for all inputs, not
just any specific set of inputs. We begin by defining two arbitrary inputs x1[n] and xz[n]

and their corresponding outputs
n

yiln] = ) mlk], (2.30)
k=—o0

yaln] = ) xalk]. (2.31)
k=—00

When the input is x3[n] = ax;[n] + bxy[n], the superposition principle requires the
output y3[n] = ay1[r] + byz[r] for all possible choices of a and b. We can show this by
starting from Eq. (2.29): ‘

n

y3[n] = kZ x3[k], 23

— ki (ax1[k] + bxz[K]), (2.33)

=a i x[k] +b i PALs (2.34)
k=00 —

= ayi[n] + by2[n]. (2.35)

Thus, the accumulator system of Eq. (2.29) satisfies the superposition principle for all
inputs and is therefore linear.

In general, it may be simpler to prove that a system is not linear (if it is not) than
to prove that it is linear (if it is). We simply must find an input or set of inputs for which
the system does not satisfy the conditions of linearity.

Example 2.7 A Nonlinear System

Consider the system defined by
wln] = loggg (Jx[n]l). (236)

This system is not linear. In order to prove this, we only need to find one
counterexample—that is, one set of inputs and outputs which demonstrates that the sys-
tem violates the superposition principle, Eq. (2.27). The inputs x; [#] = 1and xz[n] = 10
are a counterexample. The output for the first signal is w [n] = 0, while for the second,
wy[n] = 1. The scaling property of linear systems requires that, since x3[n] = 10x; [n],
if the system is linear, it must be true that w;[n] = 10w [n]. Since this is not so for
Eq. (2.36) for this set of inputs and outputs, the system is not linear.
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2.2.3 Time-Invariant Systems

A time-invariant system (often referred to equivalently as a shift-invariant system) is
a system for which a time shift or delay of the input sequence causes a corresponding
shift in the output sequence. Specifically, suppose that a system transforms the input
sequence with values x[n] into the output sequence with values y[n]. Then the system is
said to be time invariant if, for all ng, the input sequence with values x;[n] = x[n — ng)
produces the output sequence with values y[n] = y[n — ng].

Asin the case of linearity, proving that a system is time invariant requires a general
proof making no specific assumptions about the input signals. All of the systems in
Examples 2.3-2.7 are time invariant. The style of proof for time invariance is illustrated
in Examples 2.8 and 2.9.

Example 2.8 The Accumulator as a Time-Iinvariant System

Consider the accumulator from Example 2.6. We define x;[n] = x[n — ng]. To show
time invariance, we solve for both y[r—ry] and y1[n] and compare them to see whether
they are equal. First, '

yin—no]= > x[k] (237)
k=—00
Next, we find
yiln] = Y xfkl (2.38)
k=—00
= > x[k—no]. (2.39)
k=—00

Substituting the change of variables k| = k — np into the summation gives

n—ny

ylnl= )" k] = yin - no). (2.40)

kl =—00

Thus, the accumulator is a time-invariant system.

The following example illustrates a system that is not time invariant.

Exampie 2.9 The Compressor System

The system defined by the relation
yin] = x[Mn], —00 < h < 00, (2.41)

with M a positive integer, is called a compressor. Specifically, it discards (M — 1)
samples out of M, i.e,, it creates the output sequence by selecting every Mth sample.
This system is not time invariant. We can show that it is not by considering the response
y1[n] to the input x;[r] = x[r — no]. In order for the system to be time invariant, the
output of the system when the input is x;[#] must be equal to y[n — ny]. The output
y1[n] that results from the input x;[n] can be directly computed from Eq. (2.41) to be

yi[n] = x1[Mn] = x[ Mn — ny]. (2.42)
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Delaying the output y[n] by ngp samples yields
yln — ol = x[M(n — ny)]. 243)

Comparing these two outputs, we see that y[n — ng] is not equal to y1[n] for all M and
ng, and therefore, the system is not time invariant.

It is also possible to prove that a system is not time invariant by finding a single
counterexample that violates the time-invariance property. For instance, a counterex-
ample for the compressor is the case when M = 2, x[n] = §[n], and x;1[n] = 8[n — 1]
For this choice of inputs and M, y[n] = §[n], but y;[n] = 0; thus, it is clear that
y1[n] # y[n — 1] for this system. ‘

2.2.4 Causality

A system s causal if, for every choice of ny, the output sequence value at the indexn = ny
depends only on the input sequence values for n < ng. This implies that if x1[n] = x;[n]
for n < ny, then y1[n] = y,{n] for n < ny. That is, the system is nonanticipative. The
system of Example 2.3 is causal for n; > 0 and is noncausal for ny < 0. The system of
Example 2.4 is causal if —M; > 0 and M, > 0; otherwise it is noncausal. The system of
Example 2.5 is causal, as is the accumulator of Example 2.6 and the nonlinear system
in Example 2.7. However, the system of Example 2.9 is noncausal if M > 1, since
¥{1] = x[M]. Another noncausal system is given in the following example.

Example 2.10 The Forward and Backward Difference
Systems

Consider the forward difference system defined by the relationship
yln] = x[n + 1] — x[n]. (2.44)

This system is not causal, since the current value of the output depends on a future
value of the input. The violation of causality can be demonstrated by considering the
two inputs x1[n] = 8[n — 1] and x;[n] = 0 and their corresponding outputs y;[n] =
8[n] — 8[n — 1] and y;[n] = 0. Note that x1[n] = x;[n] for n < 0, so the definition of
causality requires that y1[n] = y;[n] for n < 0, which is clearly not the case for n = 0.
Thus, by this counterexample, we have shown that the system is not causal.

The backward difference system, defined as

y[n] = x[n] — x[n - 1], (2.45)

has an output that depends only on the present and past values of the input. Because
there is no way for the output at a specific time y[#ny] to incorporate values of the input
for n > ng, the system is causal.

2.2.5 Stability

A system is stable in the bounded-input, bounded-output (BIBO) sense if and only if
every bounded input sequence produces a bounded output sequence. The input x{r] is
bounded if there exists a fixed positive finite value B, such that

|x[n]| = By < o0, for all n. (2.46)
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Stability requires that, for every bounded input, there exist a fixed positive finite value
B, such that

ly[n]l < By < o0, for all n. (2.47)

It is important to emphasize that the properties we have defined in this section are
properties of systems, not of the inputs to a system. That is, we may be able to find
inputs for which the properties hold, but the existence of the property for some inputs
does not mean that the system has the property. For the system to have the property, it
must hold for all inputs. For example, an unstable system may have some bounded inputs
for which the output is bounded, but for the system to have the property of stability, it
must be true that for all bounded inputs, the output is bounded. If we can find just one
input for which the system property does not hold, then we have shown that the system
does not have that property. The following example illustrates the testing of stability
for several of the systems that we have defined.

Example 2.11 Testing for Stability or Instability

The system of Example 2.5 is stable. To see this, assume that the input x[n] is bounded
such that |x[n]| < B, for all n. Then |y[#]| = |x[#]|> < B2. Thus, we can choose
B, = B? and prove that y[n] is bounded.

Likewise, we can see that the system defined in Example 2.7 is unstable, since
y[n] = log,g(|x[n]|) = —oo for any values of the time index n at which x[n] = 0, even
though the output will be bounded for any input samples that are not equal to zero.

The accumulator, as defined in Example 2.6 by Eq. (2.29), is also not stable. For
example, consider the case when x[n] = u[n], which is clearly bounded by B, = 1. For
this input, the output of the accumulator is

n

inl = > ulk] (2.48)
k=—o00
0, n <0,
= { (n+1), n=0. (2.49)

There is no finite choice for By such that (n+ 1) < B, < oc for all n; thus, the system
is unstable.

Using similar arguments, it can be shown that the systems in Examples 2.3, 2.4,
2.9 and 2.10 are all stable.

2.3 LINEAR TIME-INVARIANT SYSTEMS

A particularly important class of systems consists of those that are linear and time invari-
ant. These two properties in combination lead to especially convenient representations
for such systems. Most important, this class of systems has significant signal-processing
applications. The class of linear systems is defined by the principle of superposition in
Eq. (2.27). If the linearity property is combined with the representation of a general
sequence as a linear combination of delayed impulses as in Eq. (2.6), it follows that a
linear system can be completely characterized by its impulse response. Specifically, let
hi{n] be the response of the system to 4[n — k], an impulse occurring at n = k. Then,
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from Eq. (2.6),

y[n] = T{ Z x[k]é[n — k]} . (2.50)
k=—o0
From the principle of superposition in Eq. (2.27), we can write
yinl= Y x[KT@En—kl} = D x[Kln]. (2.51)
k=—oc k=—00

According to Eq. (2.51), the system response to any input can be expressed in terms of
the responses of the system to the sequences 8[n — k. If only linearity is imposed, A[#]
will depend on both n and &, in which case the computational usefulness of Eq. (2.51)
is limited. We obtain a more useful result if we impose the additional constraint of time
invariance.
The property of time invariance implies that if hA[#n] is the response to §[#], then
the response to 8[n — k] is h[n — k]. With this additional constraint, Eq. (2.51) becomes
o0
ylnl= Y x[klh[n — K. (2.52)
k=—0c0
As a consequence of Eq. (2.52), a linear time-invariant system (which we will sometimes
abbreviate as LTT) is completely characterized by its impulse response #[n] in the sense
that, given h[n], it is possible to use Eq. (2.52) to compute the output y[n] due to any
input x[n].
Equation (2.52) is commonly called the convolution sum. If y[n] is a sequence
whose values are related to the values of two sequences A[n] and x[z] as in Eq. (2.52),
we say that y[n] is the convolution of x[n] with A[n] and represent this by the notation

y[n] = x[n] * h[n]. (2.53)

The operation of discrete-time convolution takes two sequences x[n] and Ah[n] and
produces a third sequence y[n]. Equation (2.52) expresses each sample of the output
sequence in terms all of the samples of the input and impulse response sequences.

The derivation of Eq. (2.52) suggests the interpretation that the input sample
at n = k, represented as x[k]§[n — k], is transformed by the system into an output
sequence x[k]h[n — k], for —oo < n < oo, and that, for each k, these sequences are
superimposed to form the overall output sequence. This interpretation is illustrated
in Figure 2.8, which shows an impulse response, a simple input sequence having three
nonzero samples, the individual outputs due to each sample, and the composite output
due to all the samples in the input sequence. Specifically, x[n] can be decomposed as
the sum of the three sequences x[—2]8[n + 2], x[0]8[r], and x[3]8[r — 3] representing
the three nonzero values in the sequence x[n]. The sequences x[—-2]h[n + 2], x[0]A[n],
and x[3]h[n — 3] are the system responses to x[—2]8[n + 2], x[0]8[n], and x[3]8[r — 3],
respectively. The response to x[#n] is then the sum of these three individual responses.

Although the convolution-sum expression is analogous to the convolution integral
of continuous-time linear system theory, the convolution sum should not be thought of
as an approximation to the convolution integral. The convolution integral plays mainly a
theoretical role in continuous-time linear system theory; we will see that the convolution
sum, in addition to its theoretical importance, often serves as an explicit realization of a
discrete-time linear system. Thus, it is important to gain some insight into the properties
of the convolution sum in actual calculations.
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hln]

x_p[n] = x[-2]8[n + 2] y_z[n] = x[-2]h[n + 2]

yoln] = x[0]h[n]

0 n
x3[n] = x[3]8[n - 3] ya[n] = x[3]A[n - 3]
3 3
0 n 0 n
x[n] = x_3[n] + xg[n] + x3[n] y[nl =y _[n] + yoln] + y3(n]

Figure 2.8 Representation of the output of a linear time-invariant system as the
superposition of responses to individual samples of the input.
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The preceding interpretation of Eq. (2.52) emphasizes that the convolution sum
is a direct result of linearity and time invariance. However, a slightly different way of
looking at Eq. (2.52) leads to a particularly useful computational interpretation. When
viewed as a formula for computing a single value of the output sequence, Eq. (2.52)
dictates that y[n] (i.e., the nth value of the output) is obtained by multiplying the input
sequence {expressed as a function of k) by the sequence whose values are h[n — k],
—00 < k < oo, and then, for any fixed value of n, summing all the values of the products
x[k)h[n— k], with k a counting index in the summation process. Therefore, the operation
of convolving two sequences involves doing the computation for all values of n, thus
generating the complete output sequence y[n], —o0 < n < oo. The key to carrying out
the computations of Eq. {2.52) to obtain y[x] is understanding how to form the sequence
h[n — k], —o0 < k < oo, for all values of n that are of interest. To this end, it is useful to
note that

' hln — k] = h[—(k — n)]. (2.54)
The interpretation of Eq. (2.54) is best done with an example.

Example 2.12 Computation of the Convolution Sum

Suppose h[k] is the sec[uénce shown in Figure 2.9(a) and we wish to find Aln — k] =
h[—(k — n)]. Define hi[k] to be h{—k], which is shown in Figure 2.9(b). Next, define

.| . hlk)
* . *—o T I I T ! -
-3 0 6 k
@
h[-k] = k[0 - k]
L . ? T I ‘ I T L . 4 L 2 L . 4
-6 1] 3 k

kIn - K] = h[~(k = n)]

et 1] |

n-6 0 n n+3 k
(©)
Figure 2.9 Forming the sequence /1[n — k]. (a) The sequence A[k] as a function

of k. (b) The sequence h[—k] as a function of k. (c) The sequence h[n — k] =
h[—(k — m)] as a function of k for n = 4.
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hy[k] to be hi[k], delayed, by nsamples on the k axis, i.e., h2[k] = hi[k—n]. Figure 2.9(c)
shows the sequence that results from delaying the sequence in Figure 2.9(b) by n
samples. Using the relationship between A;[k] and A[k], we can show that A;[k] =
hi1lk — n] = h[—(k — n)] = h[n — k], and thus, the bottom figure is the desired signal.
To summarize, to compute h[n — k] from k[k], we first reverse A[k] in time about k = 0
and then delay the time-reversed signal by n samples.

From Example 2.3, it should be clear that, in general, the sequence h[n — k],
—o00 < k < oc, is obtained by

1. reflecting h[k] about the origin to obtain A[—k];
2. shifting the origin of the reflected sequence to k = n.

To implement discrete-time convolution, the two sequences x[k] and h[n — k] are mul-
tiplied together for —co < k£ < o0, and the products are summed to compute the
output sample y[#n]. To obtain another output sample, the origin of the sequence h[—k]
is shifted to the new sample position, and the process is repeated. This computational
procedure applies whether the computations are carried out numerically on sampled
data or analytically with sequences for which the sample values have simple formulas.
The following example illustrates discrete-time convolution for the latter case.

Example 2.13 Analytical Evaluation of the Convolution Sum
Consider a system with impulse response
h{n] = u[n] — u[n — N]

_J1L, 0<zn=<N-1,
~ 10, otherwise.

The input is
x[n] = a"uln].

To find the output at a particular index n, we must form the sums over all &k of the
product x[k)h[n — k]. In this case, we can find formulas for y[n] for different sets of
values of n. For example, Figure 2.10(a) shows the sequences x[k] and h[n — k], plotted
for n a negative integer. Clearly, all negative values of n give a similar picture; i.e., the
nonzero portions of the sequences x[k] and A[n — k] do not overlap, so

yin] =0, n<0.

Figure 2.10(b) illustrates the two sequences when 0 < nand n — N+1 < 0. These two
conditions can be combined into the single condition 0 < n < N — 1. By considering
Figure 2.10(b), we see that, since

x[k)h[n — k] = a*,

it follows that

n
y[n] = Eak, for0<n<N-1, (2.55)
k=0
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Flgure 2.10 Sequence involved in computing a discrete convolution. (a)—(c) The

sequences x[k] and h[n — k] as a function of k for different values of n. (Only

nonzero samples are shown.) (d) Corresponding output sequence as a function
~of n.

The limits on the sum are determined directly from Figure 2.10(b). Equation (2.55)
shows that y[n] is the sum of n + 1 terms of a geometric series in which the ratio of
terms is 4. This sum can be expressed in closed form using the general formula

Yak=Z———, MNzN. (2.56)
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Applying this formula to Eq. (2.55), we obtain

1 — gntl
Finally, Figure 2.10(c) shows the two sequences when0 <n— N+1lor N—1 < n. As

before,
x[k]h[n — k] = a¥, n—N+1l<k<n,

but now the lower limit on the sum is n — N + 1, as seen in Figure 2.10(c). Thus,
n
y[n] = Z a¥, forN—1<n. (2.58)
k=n—N+1
Using Eq. (2.56), we obtain
at—N+1 _ gn+l

y[n]= 1—a '

or

l1—-a

yln] = a™ N1 (ﬂ) : (2.59)

Thus, because of the piecewise-exponential nature of both the input and the unit
sample response, we have been able to obtain the following closed-form expression
for y[n] as a function of the index n:

0, n<0,
1_an+l
=4 T2 O=n=N-1, (2.60)
_ N
at—N+1 (1—‘1), N-1<n.
1-a

This sequence is shown in Figure 2.10(d).

Example 2.13 illustrates how the convolution sum can be computed analytically
when the input and the impulse response are given by simple formulas. In such cases,
the sums may have a compact form that may be derived using the formula for the sum of
a geometric series or other “closed-form” formulas.? When no simple form is available,
the convolution sum can still be evaluated numerically using the technique illustrated
in Example 2.13 whenever the sums are finite, which will be the case if either the input
sequence or the impulse response is of finite length, i.e., has a finite number of nonzero
samples.

2.4 PROPERTIES OF LINEAR TIME-INVARIANT SYSTEMS

Since all linear time-invariant systems are described by the convolution sum of
Eq. (2.52), the properties of this class of systems are defined by the properties of discrete-
time convolution. Therefore, the impulse response is a complete characterization of the
properties of a specific linear time-invariant system.

2Such results are discussed, for example, in Grossman (1992).
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Some general properties of the class of linear time-invariant systems can be found
by considering properties of the convolution operation. For example, the convolution
operation is commutative;

x[n] * h[n] = h[n] * x[n]. (2.61)

This can be shown by applying a substitution of variables to Eq. (2.52). Specifically, with
m=n-—=k,

y[n] = i‘ x[n—mlhlm] = Y h[mlx[n— m] = hin] x x[n], (2.62)

so the roles of x[n] and A[r] in the summation are interchanged. That is, the order of
the sequences in a convolution is unimportant, and hence, the system output is the
same if the roles of the input and impulse response are reversed. Accordingly, a linear
time-invariant system with input x[r] and impulse response #[n] will have the same
output as a linear time-invariant system with input 4[n] and impulse response x[n]. The
convolution operation also distributes over addition; i.¢.,

- x[n] * (h1[n] + h2[n]) = x[n] * h1[n] + x[n] * Aa[n].

This follows in a straightforward way from Eq. (2.52) and is a direct result of the hnearlty
and commutativity of convolution.

In a cascade connection of systems, the output of the first system is the input to
the second, the output of the second is the input to the third, etc. The output of the last
system is the overall output. Two linear time-invariant systems in cascade correspond
to a linear time-invariant system with an impulse response that is the convolution of
the impulse responses of the two systems. This is illustrated in Figure 2.11. In the upper
block diagram, the output of the first system will be ki [n] if x[n] = §[n]. Thus, the output
of the second system (and, by definition, the impulse response of the overall system)
will be

h[n] = hy[n] * hz[n]. (2.63)

As a consequence of the commutative property of convolution, the impulse response
of a cascade combination of linear time-invariant systems is independent of the order
in which they are cascaded. This result is summarized in Figure 2.11, where the three
systems all have the same impulse response.

3 h;[n] > hy[n] P—>
x[n] yln]
x—->[n] hy[n] >| hy[n] y[>n ]

Figure 2.11 Three linear time-invariant
e—md Fi1[1] * hy[n] systems with identical impulse
x[n] y[n] responses.
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> hy[n]
i
x[n] y[n]
Po- h2[n].
(a)
o] hy[n] + hy[n] B Figure 2.12 (a) Parallel combination
A4y of linear time-irtvariant systems. (b) An
(b} equivalent system.

In a parallel connection, the systems have the same input, and their outputs are
summed to produce an overall output. It follows from the distributive property of convo-
lution that the connection of two linear time-invariant systems in parallel is equivalent to
a single system whose impulse response is the sum of the individual impulse responses;
ie.,

h[n] = hy[n] + hy[n]. (2.64)
This is depicted in Figure 2.12. ’

The constraints of linearity and time invariance define a class of systems with
very special properties. Stability and causality represent additional properties, and it is
often important to know whether a linear time-invariant system is stable and whether
it is causal. Recall from Section 2.2.5 that a stable system is a system for which every
bounded input produces a bounded output. Linear time-invariant systems are stable if
and only if the impulse response is absolutely summable, i.e., if

S = i Ih[K]| < oo. (2.65)
k=—00

This can be shown as follows. From Eq. (2.62),

0 o
il = | D Alkxln~ K| < 3 (#[K]|1x[n — A1 (2.66)
k=—o00 k=—00
If x[n] is bounded, so that
|x[n]l < Bx,
then substituting B, for |x[rn — k]| can only strengthen the inequality. Hence,
o0
ly[n]l < By ) |[K]I. (2.67)
k=—00

Thus, y[n] is bounded if Eq. (2.65) holds; in other words, Eq. (2.65) is a sufficient
condition for stability. To show that it is also a necessary condition, we must show that if
S = 00, then a bounded input can be found that will cause an unbounded output. Such
an input is the sequence with values

h*[—n]
x[n] = { 1A[—n]’ hin] #0, (2.68)

0, h[n] =0,
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where h*[n] is the complex conjugate of h[n]. The sequence x[n] is clearly bounded by
unity. However, the value of the output at n = O is

o0

|hlk]?
y[0]=k;oox[—k]h[k] Z T = S. (2.69)

Therefore, if S = oo, it is possible for a bounded input sequence to produce an un-
bounded output sequence.

The class of causal systems was defined in Section 2.2.4 as those systems for which
the output y[ny] depends only on the input samples x[z], for n < ng. It follows from
Eq. (2.52) or Eq. (2.62) that this definition implies the condition

Mn]=0, n<O, (2.70)

for causality of linear time-invariant systems. (See Problem 2.62.) For this reason, it is
sometimes convenient to refer to a sequence that is zero for n < 0 as a causal sequence,
meaning that it could be the impulse response of a causal system.

To illustrate how the properties of linear time-invariant systems are reflected in
the impulse response, let us consider again some of the systems defined in Examples 2.3—
2.10. First note that only the systems of Examples 2.3, 2.4, 2.6, and 2.10 are linear and
time invariant. Although the impulse response of nonlinear or time-varying systems
can be found, it is generally of limited interest, since the convolution-sum formula and
Egs. (2.65) and (2.70), expressing stability and causality, do not apply to such systems.

First, let us find the impulse responses of the systems in Examples 2.3, 2.4, 2.6, and
2.10. We can do this by simply computing the response of each system to §[n], using the
defining relationship for the system. The resulting impulse responses are as follows:

Ideal Delay (Example 2.3)
h[n] = é[n — n4), n, a positive fixed integer. (2.71)
Moving Average ( Example 2.4)

1
hln —_— dn—k
[] M +M+1 Zl[ ]
1 (2.72)
| —————, -Mi<n<M,,
={ M+ M+ 1 1=n=00
0, otherwise.

Accumuldtor (Example 2.6)

n

hln] = > 5[]

=—00

1, n=0,
10, n<0,

= u[n].
- Forward Dtﬁerence (Example 2.10)
h[n] = 8[n + 1] — §[n]. : ' (2.74)

(2.73)
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Backward Difference (Example 2.10)
h[n] = 8[n] — 8[n —1]. (2.75)

Given the impulse responses of these basic systems [Egs. (2.71)~(2.75)], we can
test the stability of each one by computing the sum

S= > |h[n].
n=—00
For the ideal delay, moving-average, forward difference, and backward difference ex-
amples, it is clear that § < oo, since the impulse response has only a finite number of
nonzero samples. Such systems are called finite-duration impulse response (FIR) sys-
tems. Clearly, FIR systems will always be stable, as long as each of the impulse response
values is finite in magnitude. The accumulator, however, is unstable because

[s,¢]
§= uln]=oc0.
n=0
In Section 2.2.5, we also demonstrated the instability of the accumulator by giving an
example of a bounded input (the unit step) for which the output is unbounded.

The impulse response of the accumulator is infinite in duration. This is an example
of the class of systems referred to as infinite-duration impulse response (IIR) systems.
An example of an IIR system that is stable is a system whose impulse response is
h[n] = a™u[n] with |a| < 1. In this case,

S= i la|". (2.76)

n=0
If |a| < 1, the formula for the sum of the terms of an infinite geometric series gives

1
1—|al

If, on the other hand, |a| > 1, the suin is infinite and the system is unstable.

To test causality of the linear time-invariant systems in Examples 2.3,2.4, 2.6, and
2.10, we can check to see whether A[n] = 0 for n < 0. As discussed in Section 2.2.4, the
ideal delay [ns > 0 in Eq. (2.23)] is causal. If n; < 0, the system is noncausal. For the
moving average, causality requires that —M; > 0 and M; > 0. The accumulator and
backward difference systems are causal, and the forward difference system is noncausal.

The concept of convolution as an operation between two sequences leads to the
simplification of many problems involving systems. A particularly useful result can be
stated for the ideal delay system. Since the output of the delay system is y[n] = x[n—n4],
and since the delay system has impulse response h[n] = 8[n — ng4], it follows that

x[n] * 8[n — n4]l = 8[n — ng] * x[n] = x[n — ng4). (2.78)

S=

< 00. (2.77)

That is, the convolution of a shifted impulse sequence with any signal x[n] is easily
evaluated by simply shifting x[n] by the displacement of the impulse.

Since delay is a fundamental operation in the implementation of linear systems,
the preceding result is often useful in the analysis and simplification of interconnections
of linear time-invariant systems. As an example, consider the system of Figure 2.13(a),
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Forward One-sample
— > —
x[n] | difference delay y[n]
(@)
One-sample > Eorward
x[n] delay difference y[n]

(b)

B.ackward I
x[n] difference y[n]

Figure 2.13 Equivalent systems found
by using the commutative property of
(c) convolution.

which consists of a forward difference system cascaded with an ideal delay of one sample.
According to the commutative property of convolution, the order in which systems are
cascaded does not matter, as long as they are linear and time invariant. Therefore, we
obtain the same result when we compute the forward difference of a sequence and
delay the result (Figure 2.13a) as when we delay the sequence first and then compute
the forward difference (Figure 2.13b). Also, it follows from Eq. (2.63) that the overall
impulse response of each cascade system is the convolution of the individual impulse
responses. Consequently,

h[n] = (8[n+ 1] — é[n]) * 6[n — 1]
= §[n—1]* (8[n+ 1] — 8[n]) (2.79)
= 8[n] — 8[n —1].

Thus, A[n] is identical to the impulse response of the backward difference system; that
is, the cascaded systems of Figures 2.13(a) and 2.13(b) can be replaced by a backward
difference system, as shown in Figure 2.13(c).

Note that the noncausal forward difference systems in Figures 2.13(a) and (b)
have been converted to causal systems by cascading them with a delay. In general, any
noncausal FIR system can be made causal by cascading it with a sufficiently long delay.

Another example of cascaded systems introduces the concept of an inverse system.
Consider the cascade of systems in Figure 2.14. The impulse response of the cascade
system is

Hln] = uln] * (8] — 8 — 1])
= u[n] —ufn —1] (2.80)
= 8[n].

That is, the cascade combination of an accumulator followed by a backward difference

(or vice versa) yields a system whose overall impulse response is the impulse. Thus, the

output of the cascade combination will always be equal to the input, since x[n] * §[n] =

x[n]. In this case, the backward difference system compensates exactly for (or inverts)
the effect of the accumulator; that is, the backward difference system is the inverse
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Figure 2.14 An accumulator in
cascade with a backward difference.
Backward. Since the backward difference is the
Accumulator »] difference inverse system for the accumulator, the
tem 1 cascade combination is equivalent to
xfn) | OS yInl | system | x[n] Cade
the identity system.

system for the accumulator. From the commutative property of convolution, the accu-
mulator is likewise the inverse system for the backward difference system. Note that
this example provides a system interpretation of Egs. (2.8) and (2.10). In general, if
a linear time-invariant system has impulse response A[n], then its inverse system, if it
exists, has impulse response A;[n] defined by the relation

h[n] = h;[n] = h;[n] * h[n] = 8[n]. (2.81)

Inverse systems are useful in many situations in which it is necessary to compensate
for the effects of a linear system. In general, it is difficult to solve Eq. (2.81) directly
for h;[n], given h[n]. However, in Chapter 3 we will see that the z-transform provides a
straightforward method of finding an inverse system.

2.5 LINEAR CONSTANT-COEFFICIENT DIFFERENCE EQUATIONS

An important subclass of linear time-invariant systems consists of those systems for
which the input x[r] and the output y[n] satisfy an Nth-order linear constant-coefficient
difference equation of the form

N M
> ayln—kl = bnx[n—m]. (2.82)
k=0 m=0

The properties discussed in Section 2.4 and some of the analysis techniques introduced
there can be used to find difference equation representations for some of the linear
time-invariant systems that we have defined.

Example 2.14 Difference Equation Representation of
the Accumulator

An example of the class of linear constant-coefficient difference equations is the ac-

cumulator system defined by
n

yin] = Z x[K]. (2.83)

k=—o0
To show that the input and output satisfy a difference equation of the form of Eq. (2.82),
note that we can write the output forn — 1 as

n—1

yln-1]= Z x[K]. (2.84)

=—00
By separating the term x[n] from the sum, we can rewrite Eq. (2.83) as

n—1

yinl=x[n)+ ) x[K]. (2.85)

k=—o00
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Substituting Eq. (2.84) into Eq. (2.85) yields
y[n] = x[n] + y[n —1], (2.86)

from which the desired form of the difference equation can be obtained by grouping
all the input and output terms on separate sides of the equation:

y[n] — yln — 1] = x[n]. ' (2.87)

-

Thus, we have shown that, in addition to satisfying the defining relationship of
Eq. (2.83), the input and output satisfy a linear constant-coefficient difference equation
of the form Eq. (2.82),with N=1,a0 =1,a1 = -1, M= 0,and by = 1.

The difference equation in the form of Eq. (2.86) gives us a better understanding
of how we could implement the accumulator system. According to Eq. (2.86), for each
value of n, we add the current input value x[n] to the previously accumulated sum
y[n — 1]. This interpretation of the accumulator is represented in block diagram form

in Figure 2.15.
xln] N yln]

Y

One-sample
delay

ylr-1j

Figure 2.15 Block diagram of a recursive difference equation representing an
accumulator.

Equation (2.86) and the block diagram in Figure 2.15 are referred to as a recursive
representation of the system, since each value is computed using previously computed
values. This general notion will be explored in more detail later in the section.

Example 2.15 Difference Equation Representation of
the Moving-Average System

Consider the moving-average system of Example 2.4, with M; = 0 so that the system
is causal. In this case, from Eq. (2. 72) the impulse response is

hln] = (u[n] uln — Mz — 1], (2.88)

( M
from which it follows that

1 &
y[n] = (Alz—-l-]_) gx[n - k], («‘ (289)

which is a special case of Eq. (2.82), with N = 0,ap = 1, M = M3, and b = 1/(M>+1)
for0 < k< M,.
Also, the impulse response can be expressed as

h[n] = (6[n] 8[n — M, — 1]) x u[n], (2.90)

(M
which suggests that the causal movmg-averagc system can be represented as the cas-
cade system of Figure 2.16. We can obtain a difference equation for this block diagram
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Adttenuator
— 1 Accumulator .
xln) | M+ Ystem | yin)

(My+1)
—>-1  sample
delay

Figure 2.16 Block diagram of the recursive form of a moving-average system.

by noting first that
xn] = (M D ——(x[n] — x[n — M; —1]). (2.91)
From Eq. (2.87) of Example 2.14, the output of the accumulator satisfies the difference
equation
y[n] = y[n — 1] = x[n],
so that
y[nl-yln-1]= (x[n] x[n— My —1]). (2.92)

(M

Again, we have a difference equation in the form of Eq. (2.82), but this time N = 1,
ay=1,a1 =-1, M= M; and by = —bp, 41 = 1/(M2 + 1), and b = 0 otherwise.

In Example 2.15, we showed two different difference equation representations
of the moving-average system. In Chapter 6 we will see that an unlimited number of
distinct difference equations can be used to represent a given linear time-invariant
input-output relation.

Just as in the case of linear constant-coefficient differential equations for contin-
uous-time systems, without additional constraints or information a linear constant-
coefficient difference equation for discrete-time systems does not provide a unique
specification of the output for a given input. Specifically, suppose that, for a given input
xp[n], we have determined by some means one output sequence y,[n], so that an equa-
tion of the form of Eq. (2.82) is satisfied. Then the same equation with the same input
is satisfied by any output of the form

ylnl = ypln] + yxlnl, (2.93)

where yx[n] is any solution to Eq. (2.82) with x[r] = 0, i.e., to the equation

N
Z axyn[n — k] =0. (2.94)
k=0

Equation (2.94) is referred to as the homogeneous equation and yy[n] the homogeneous
solution. The sequence yx[n] is in fact a member of a family of solutions of the form

N
wlnl =D Anz, (2.95)
m=1
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Substituting Eq. (2.95) into Eq. (2.94) shows that the complex numbers z,, must be roots
of the polynomial

N
Zakz_k = 0. (2.96)
k=0

Equation (2.95) assumes that all N roots of the polynomial in Eq. (2.96) are distinct. The
form of terms associated with multiple roots is slightly different, but there are always
N undetermined coefficients. An example of the homogeneous solution with multiple
roots is considered in Problem 2.38. ,

Since yp[n] has N undetermined coefficients, a set of N auxiliary conditions is
required for the unique specification of y[n] for a given x[#]. These auxiliary conditions
might consist of specifying fixed values of y[n] at specific values of n, such as y[—1],
y[=2],..., y[—N], and then solving a set of N linear equations for the N undetermined
coefficients.

Alternatively, if the auxiliary conditions are a set of auxiliary values of y[n], the
other values of y[n] can be generated by rewriting Eq. (2.82) as a recurrence formula,
1.€., in the form

yln] = — i ﬂy[n — k] + ZM: E’fx[n — k]. | (2.97)
=1 90 k=0 0 ,

If the input x[n], together with a set of auxiliary values, say, y[—1], y[-2], ..., ¥[-N], is
specified, then y[0] can be determined from Eq. (2.97). With y[0], y[-1], ..., ¥[-N+1]
available, y[1] can then be calculated, and so on. When this procedure is used, y[#n] is
said to be computed recursively; i.e., the output computation involves not only the input
sequence, but also previous values of the output sequence.

To generate values of y[n] for n < — N (again assuming that the values y[—1],

y[-2],..., y[—N] are given as auxiliary conditions), we can rearrange Eq. (2.82) in the
form
| N M b
yjn—N]= —kzgay[n—k]+kz%;;x[n—k], (2.98)

from which y[—N — 1], y[—=N — 2], ... can be computed recursively. The following
example illustrates this recursive procedure.

Example 2.16 Recursive Computation of Difference
Equations

The difference equation satisfied by the input and output of a system is
y[n] = ay|n — 1} + x[n]. (2.99)

Consider the input x[n] = Ké&[n], where K is an arbitrary number, and the auxiliary
condition y[—1] = c. Beginning with this value, the output forn > —1 can be computed
recursively as follows:

y[0] = ac + K,
y[1] = ay[0] + 0 = a(ac + K ) = a’c + aK,



38 Discrete-Time Signals and Systems Chap. 2

y[2] = ay[1]1+ 0 = a(a’c +aK) = a’c + a*K,
y[3] = ay[2] + 0 = a(@®c + a’K ) = a*c + &°K,

For this simple case, we can see that for n > 0,
y[n] = a**lc+a"K, forn > 0. (2.100)
To determine the output for n < (, we express the difference equation in the form

y[n — 1] = a7 Y(y[n] — x[n]), (2.101a)
or
y[r] = a1 (y[n + 1] - x[n + 1]). (2.101b)

Using the auxiliary condition y[—1] = ¢, we can compute y[n] for n < —1 as follows:

y=2] = a7l G[-1] ~x[~1]) =a"lc,
y[-3] = a"(y[—2] - x[-2]) =a~la~lc = a2,
y[-4] = a YW y[-3]-x[-3) =a"laPc =ac,
It then follows that
y[p] =a"*lc  forn < 1. (2.102)

In sum, combining Eqgs. (2.100) and (2.102), we obtain, as the result of the recursive
computation,

yln] = a*'c + Ka"uln), for all n. (2.103)

Several important points are illustrated by the solution of Example 2.16. First,
note that we implemented the system by recursively computing the output in both the
positive and the negative direction, beginning with n = —1. Clearly, this procedure is
noncausal. Also, note that when K = 0, the input is zero, but y[n] = a"*'c. A linear
system requires that the output be zero for all time when the input is zero for all time.
(See Problem 2.21.) Consequently, this system is not linear. Furthermore, if the input
were shifted by ny samples, i.e., x1[rn] = Ké[n — ny], the output would be

yi[n] = a*lc + Ka" ™uln — ngy], (2.104)

and the system is therefore not time invariant.

Our principal interest in this text is in systems that are linear and time invariant,
in which case the auxiliary conditions must be consistent with these additional require-
ments. In Chapter 3, when we discuss the solution of difference equations using the
z-transform, we implicitly incorporate conditions of linearity and time invariance. As
we will see in that discussion, even with the additional constraints of linearity and time
invariance, the solution to the difference equation, and therefore the system, is not
uniquely specified. In particular, there are, in general, both causal and noncausal linear
time-invariant systems consistent with a given difference equation.

If a system is characterized by a linear constant-coefficient difference equation
and is further specified to be linear, time invariant, and causal, the solution is unique.
In this case, the auxiliary conditions are often stated as initial-rest conditions. In other
words, the auxiliary information is that if the input x[#] is zero for n less than some time
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np, then the output y[n] is constrained to be zero for n less than ny. This then provides
sufficient initial conditions to obtain y[n] for n > ny recursively using Eq. (2.97).

To summarize, for a system for which the input and output satisfy a linear constant-
coefficient difference equation:

e The output for a given input is not uniquely specified. Auxiliary information or
conditions are required.

o If the auxiliary information is in the form of N sequential values of the output,
later values can be obtained by rearranging the difference equation as a recursive
relation running forward in n, and prior values can be obtained by rearranging
the difference equation as a recursive relation running backward in n.

¢ Linearity, time invariance, and causality of the system will depend on the auxiliary
conditions. If an additional condition is that the system is 1n1t1ally at rest, then the
system will be linear, time invariant, and causal.

With the preceding discussion in mind, let us now consider again Example 2.16,
but with initial-rest conditions. With x[n] = Ké[n], y[—1] = 0, since x[n] =0, n < 0.
Consequently, from Eq. (2.103), :

y[n] = Ka"uln]. (2.105)

If the input is instead K8[n — ny), again with initial-rest conditions, then the récursive

solution is carried out using the initial condition y[r] = 0, n < ny. Note that for ny < 0,

initial rest implies that y[—1] s 0. That is, initial rest does not always mean y[—1] =

- = y[-N] = 0. It does mean that y[ny — 1] = --- = y[ny — N] = 0if x[n] = 0 for

n < np. Note also that the impulse response for the example is k[n] = a"u[n]; i.e., h[n]

is zero for n < 0, consistent with the causality imposed by the assumption of initial rest.

The preceding discussion assumed that N > 1 in Eq. (2.82). If, instead, N = 0,

no recursion is required to use the difference equation to compute the output, and
therefore, no auxiliary conditions are required. That is,

M
yinl=Y" (s—’;) x[n — K]. (2.106)

k=0

Equation (2.106) is in the form of a convolution, and by setting x[n] = §[n], we see that
the impulse response is

hln] = f: (Z—:) 5[n — K],

k=0
or
(E), 0<n=<M,
h[n] = aop (2.107)
0, otherwise.

The impulse response is obviously finite in duration. Indeed, the output of any FIR sys-
tem can be computed nonrecursively using the difference equation of Eq. (2.106), where
the coefficients are the values of the impulse response sequence. The moving-average
system of Example 2.15 with M; = 0O is an example of a causal FIR system. An interest-
ing feature of that system was that we also found a recursive equation for the output. In
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Chapter 6 we will show that there are many possible ways of implementing a desired sig-
nal transformation using difference equations. Advantages of one method over another
depend on practical considerations such as numerical accuracy, data storage, and the
number of multiplications and additions required to compute each sample of the output.

2.6 FREQUENCY-DOMAIN REPRESENTATION OF
DISCRETE-TIME SIGNALS AND SYSTEMS

In the previous sections, we have introduced some of the fundamental concepts of the
theory of discrete-time signals and systems. For linear time-invariant systems, we saw
that a representation of the input sequence as a weighted sum of delayed impulses
leads to a representation of the output as a weighted sum of delayed impulse responses.
As with continuous-time signals, discrete-time signals may be represented in a number
of different ways. For example, sinusoidal and complex exponential sequences play a
particularly important role in representing discrete-time signals. This is because com-
plex exponential sequences are eigenfunctions of linear time-invariant systems and the
response to a sinusoidal input is sinusoidal with the same frequency as the input and
with amplitude and phase determined by the system. This fundamental property of
linear time-invariant systems makes representations of signals in terms of sinusoids or
complex exponentials (i.e., Fourier representations) very useful in linear system theory.

2.6.1 Eigenfunctions for Linear Time-Invariant Systems

To demonstrate the eigenfunction property of complex exponentials for discrete-time
systems, consider an input sequence x[n] = e/*" for —oo < n < o0, i.e., a complex
exponential of radian frequency w. From Eq. (2.62), the corresponding output of a
linear time-invariant system with impulse response h[n] is

= 3 H{ielel

k=—o¢
(2.108)
= elwn ( Z h[k]e_j“’k)_
k=—00
If we define
- o ]

H(e/®) = Y h[kle~/*, (2.109)

Eq. (2.108) becomes
y[n] = H(e/*)e/*", (2.110)

Consequently, e/“" is an eigenfunction of the system, and the associated eigenvalue is
H(e/?).From Eq. (2.110), we see that H(e/*) describes the change in complex amplitude
of a complex exponential input signal as a function of the frequency w. The eigenvalue
H(e’?) is called the frequency response of the system. In general, H(e/®) is complex
and can be expressed in terms of its real and imaginary parts as

H(e’®) = Hp(e'®) + j Hi(e'®) (2111)
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or in terms of magnitude and phase as
H(e!®) = | H(e/®)|e/<HE), (2.112)

Examplie 2.17 Frequency Response of the Ideal Delay
System '

As a simple example of how we can find the frequency response of a linear time-
invariant system, consider the ideal delay system defined by

y[n] = x[n — ng4), (2.113)
where ny is a fixed integer. If we consider x[n] = e/®" as input to this system, then,
from Eq. (2.113), we have

y[n] — ej'(u(n—nd) — e—ja)ndej(un.
Thus, for any given value of w, we obtain an output that is the input multiplied by a

complex constant, the value of which depends on the frequency « and the delay n,.
The frequency response of the ideal delay is therefore

H(el®) = e=/oma, | (2.114)

As an alternative method of obtaining the frequency response, recall that h[n] =
8[n — ng4] for the ideal delay system. Using Eq. (2.109), we obtain
o0
HE'*) = Z 8[n — ngle”/on = e Joma,
H==—0C .

From the Euler relation, the real and imaginary parts of the frequency response are

Hg(e/®) = cos(wny), (2.115a)
Hi(e/®) = —sin(wny). (2.115b)
The magnitude and phase are
|H(e/®)| = 1, (2.116a)
<H(e!®) = —wny. (2.116b)

In Section 2.7 we will show that a broad class of signals can be represented as a
linear combination of complex exponentials in the form

x[n] = Z e’ o, (2.117)
k

From the principle of superposition, the corresponding output of a linear time-invariant
system is

ynl =) e H(el™ e, (2.118)
k

Thus, if we can find a representation of x[n] as a superposition of complex exponential
sequences, as in Eq. (2.117), then we can find the output using Eq. (2.118) if we know
the frequency response of the system. The following simple example illustrates this
fundamental propertv of linear time-invariant svstems.
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Example 2.18 Sinusoidal Response of LTI Systems

Since it is simple to express a sinusoid as a linear combination of complex exponentials,
let us consider a sinusoidal input

x[n] = Acos(won + ¢) = gef"’e"“"’" + ge“""’e‘j‘”"". (2.119)
From Eq. (2.110), the response to x[r] = (A/2)e/¢e/ =0 is
yi[n] = H(ef“"’)?ef"’ef“’“”. (2.120a)
The response to x;[n] = (4/2)e ¢e~iwo” ig
y2[n] = H(e‘f“’o)?e‘f"’e'f““’". (2.120b)
Thus, the total response is
y[n] = ?[H(ef‘”o)e”’ej“"’" + H(e /@0)e 1#g=/w0n], (2.121)
If A[n] is real, it can be shown (see Problem 2.71) that H(e~/¢?) = H*(e/®°). Conse-
quently,

yln] = A|H(e/“%)| cos(won + ¢ + 0), (2.122)

where § = < H(e/?) is the phase of the system function at frequency wy.
For the simple example of the ideal delay, | H(e/“?)| = 1 and 8 = —wqny, as we

determined in Example 2.17. Therefore,
n} = Acos{(won+ ¢ — won
yin] ( 4) 2.123)
= A cos[wo(n —ng)+ @],

which is consistent with what we would obtain directly using the definition of the ideal
delay system.

The concept of the frequency response of linear time-invariant systems is essen-
tially the same for continuous-time and discrete-time systems. However, an important
distinction arises because the frequency response of discrete-time linear time-invariant
systems is always a periodic function of the frequency variable o with period 2. To
show this, we substitute w + 27 into Eq. (2.109) to obtain

H(e/@¥?) = 3" pln]e~/¥2on, (2.124)

N=--00

Using the fact that et/2"" = 1 for n an integer, we have

e—j(w+2:r)n = e—jwne—jann — e—jwn.
Therefore,
H(e/@™)) = H(el®), (2.125)
and, more generally,
H(e/ @ty = H(e/®), for r an integer. (2.126)

That is, H(e/®) is periodic with period 2rr. Note that this is obviously true for the ideal
delay system, since e~/(@12)n = ¢~jons when n, is an integer.
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The reason for this periodicity is related directly to our earlier observation that
the sequence

{efomy, —00 < 1 < 00,

is indistinguishable from the sequence

{ef(+2mimy —00 < 1 < 00,

Because these two sequences have identical values for all r, the system must respond
identically to both input sequences. This condition requires that Eq. (2.125) hold.
Since H(e/®) is periodic with period 27, and since the frequencies @ and
w + 27 are indistinguishable, it follows that we need only specify H(e/“) over an inter-
val of length 27, e.g.,0 < @ < 27w or —7 < w < . The inherent periodicity defines
the frequency response everywhere outside the chosen interval. For simplicity and for
consistency with the continuous-time case, it is generally convenient to specify H(e/®)
over the interval —n < w < 7. With respect to this interval, the “low frequencies” are
frequencies close to zero, while the “high frequencies” are frequencies close to +. Re-
calling that frequencies differing by an integer multiple of 2r are indistinguishable, we
might generalize the preceding statement as follows: The “low frequencies” are those
that are close to an even multiple of &, while the “high frequencies” are those that are
close to an odd multiple of &, consistent with our earlier discussion in Section 2.1.

Exampie 2.19 Ideal Frequency-Selective Filters

An important class of linear time-invariant systems includes those systems for which
the frequency response is unity over a certain range of frequencies and is zero at
the remaining frequencies. These correspond to ideal frequency-selective filters. The
frequency response of an ideal lowpass filter is shown in Figure 2.17(a). Because of the
inherent periodicity of the discrete-time frequency response, it has the appearance of

Hlp(ejw)

1

| | | |
=27 2m+w, -7 -, w, T 2r-w, 2m @

(2)
Hlp(ejw)

1

t |
—qr -, @, T w
(b)

Figure 2.17 ldeal lowpass filter showing (a) periodicity of the frequency response
and (b) one period of the periodic frequency response.
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th(ejm)
1
| l
- -w, 0 w, T
(a)
Hyy(e™)
1
1 |
- —-w, W, 0 w, W, T ®
(b)
pr(ejm)
1
| 1
~ —w, -, 0 W, w, T ®
(©

Figure 2.18 Ideal frequency-selective filters. (a) Highpass filter. (b) Bandstop
filter. (c) Bandpass filter. In each case, the frequency response is periodic with
period 2sr. Only one period is shown.

a multiband filter, since frequencies around w = 2x are indistinguishable from fre-
quencies around @ = 0. In effect, however, the frequency response passes only low
frequencies and rejects high frequencies. Since the frequency response is completely
specified by its behavior over the interval —7 < @ < &, the ideal lowpass filter fre-
quency response is more typically shown only in the interval -7 < @ < =, as in
Figure 2.17(b). It is understood that the frequency response repeats periodically with
period 27 outside the plotted interval. The frequency responses for ideal highpass,
bandstop, and bandpass filters are shown in Figures 2.18(a), (b), and (c), respectively.

Example 2.20 Frequency Response of the
Moving-Average System

The impulse response of the moving-average system of Example 2.4 is

1

- 7 ~—Mi=n<M,
h[n]= M1+M2+1

0, otherwise.
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Therefore, the frequency response is
1 :

H(e*)y= ————— e Jon, 2.127

(™) = M+ M +1 nZ ( )

—_1

Equation (2.127) can be expressed in closed form by using Eq. (2.56), so that

" . piwMy _ g jo(Ms+1)
Sl VAN VAN B pp
_ 1 gi(Mi+Ma+1)/2 _ e‘lf"”(M"”‘h"Ll)/2 e~ Ma—M1+1)/2
Mi+M;+1 1 —em®
(2.128)
_ 1 e;w(M1+M2+.U/2 - e‘{“"MﬁMﬁD/ 2 o je(Ma—My)/2
Mi+M+1 eiwl2 — g=jwl2
_ 1 sinfw(M1 + M3 + 1)/2] o ia(Ma=M)/2.
M +M+1 sin(w/2)
\H(e/)]
1
1 l ' '
=27 -7 =27 2w 4 2m ¢
L H(e/¥)
ﬂ —
\ \ N \ \
_27\ \ —A N \ ™ 27\ @
o

Figure 2.19 (a) Magnitude and (b) phase of the frequency response of the
moving-average system for the case My = 0and M, = 4.

The magnitude and phase of H(e/®) are plotted in Figure 2.19 for M; = Oand M, = 4.
Note that H(e/®) is periodic, as is required of the frequency response of a discrete-
time system. Note also that | H(e/%)] falls off at “high frequencies” and <(H(e/?), i.e.,
the phase of H(e/®), varies linearly with w. This attenuation of the high frequencies
suggests that the system will smooth out rapid variations in the input sequence; in other
words, the system is a rough approximation to a lowpass filter. This is consistent with
what we would intuitively expect about the behavior of the moving-average system.



46 Discrete-Time Signals and Systems Chap. 2

2.6.2 Suddenly Applied Complex Exponential Inputs

We have seen that complex exponential inputs of the form e/“” for —oo0 < n < o0
produce outputs of the form H(e/®)e/*" for linear time-invariant systems. Such inputs,
nonzero over a doubly infinite domain, may seem to be impractical models of signals;
however, as we will see in the next section, models of this kind are crucial to the mathe-
matical representation of a wide range of signals, even those that exist only over a finite
domain. Even so, we can gain additional insight into linear time-invariant systems by
considering more practical-appearing inputs of the form

x[n] = e/*"uln],

1.e., complex exponentials that are suddenly applied at an arbitrary time, which for
convenience here we choose as n = 0. Using the convolution sum in Eq. (2.62), the
corresponding output of a causal linear time-invariant system with impulse response
h[n] is

0, n <0,
y[ﬂ] = (Z h[k]e—ja)k) ejwrl’ n> 0.
k=0
If we consider the output for n > 0, we can write

y[n] = (i h[k]e'f“’k) elon — ( i h[k]e‘j"’k) elon (2.129)
k=0

k=n+1

= H(e/*)elom - ( i h[k]e‘f"”‘) efon. (2.130)

k=n+1
From Eq. (2.130), we see that the output consists of the sum of two terms, i.e., y[n] =
yss[r] + y:[n]. The first term,
yssn] = H(e!“)e/",

is called the steady-state response. It is identical to the response of the system when the
input is e/*” for all n. In a sense, the second term,

o
wlnl=— > hlkle /“keion,
k=n+1
is the amount by which the output differs from the eigenfunction result. This part is
called the transient response, because it is clear that in some cases it may approach zero.
To see the conditions for which this is true, let us consider the size of the second term.
Its magnitude is bounded as follows:

w . .
Z h[k]e"“’ke""”

k=n+1

< Y IK[A]l. (2.131)

k=n+1

|ye[n]l =

From Eq. (2.131), it should be clear that if the impulse response has finite length, so that
h[n] = O except for 0 < n < M, then the term y,[n] =0forn+1> M,orn > M —1.
In this case,

y[n] = ys[n] = H(e’*)e/*",  forn> M—1.
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When the impulse response has infinite duration, the transient response does not disap-
pear abruptly, but if the samples of the impulse response approach zero with increasing
n, then y,[n] will approach zero. Note that Eq. (2.131) can be written

yelnll = | 3 h[kle~iekelom| < Z \[K]| <§j|h Kl (2132)
k=n+1 k=n+1

That is, the transient response is bounded by the sum of the absolute values of all of the
impulse response samples. If the right-hand side of Eq. (2.132) is bounded, so that

(o <]

> " Ik[k]l < oo,

k=0
then the system is stable, From Eq. (2.132), it follows that, for stable systems, the tran-
sient response must become increasingly smaller as n — oc. Thus, a sufficient condition
for the transient response to die out is that the system be stable.

Figure 2.20 shows the real part of a complex exponential signal with frequency

@ = 2m/10. The solid dots indicate the samples x[k] of the suddenly applied complex
exponential, while the open circles indicate the samples of the complex exponential that
are “missing.” The shaded dots indicate the samples of the impulse response h[n — k]
as a function of k for n = 8. In the finite-length case shown in Figure 2.20(a), it is clear
that the output would consist only of the steady-state component for n > 8, while in
the infinite-length case, it is clear that the missing samples have less and less effect as n
increases, due to the decaying nature of the impulse response.

"r ’e hn -k

) P 1 Ml
gl“& J,ng 0 1" J'ln 11“1 C

(2)

,mm Wi, ]

II 0 11 n 1 k

0 ¥

gli
(b)

Figure2.20 lllustration of real part of suddenly applied complex exponential input
with (a) finite-length impulse response and (b) infinite-length impulse response.
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The condition for stability is also a sufficient condition for the existence of the
frequency response function. To see this, note that, in general,

< > Ia[ke7® < > IA[All,

o0
|H(e™)| = | 3 h[Kle/*
k=—co k=—oc0 k=—o00
so the general condition
LI LG [

k=—o00

ensures that H(e/“) exists. It is no surprise that the condition for existence of the
frequency response is the same as the condition for dominance of the steady-state
solution. Indeed, a complex exponential that exists for all n can be thought of as one
thatis applied atn = —o0. The eigenfunction property of complex exponentials depends
on stability of the system, since at finite n, the transient response must have become
zero, so that we only see the steady-state response H(e/“)e/*" for all finite 7.

2.7 REPRESENTATION OF SEQUENCES BY FOURIER TRANSFORMS

One of the advantages of the frequency-response representation of a linear time-

invariant system is that interpretations of system behavior such as the one we made

in Example 2.20 often follow easily. We will elaborate on this point in considerably

more detail in Chapter 5. At this point, however, let us return to the question of how

we may find representations of the form of Eq. (2.117) for an arbitrary input sequence.
Many sequences can be represented by a Fourier integral of the form

1 7 . .
— jw jwn
x[n] B X(e’*)e!"dw, (2.133)
where
X(e®)y= Y x[nle . (2.134)

Equations (2.133) and (2.134) together form a Fourier representation for the sequence.
Equation (2.133), the inverse Fourier transform, is a synthesis formula. That is, it repre-
sents x[n] as a superposition of infinitesimally small complex sinusoids of the form

1 ) .
jowy,jon
o X(e’*)e!"dw,

with w ranging over an interval of length 27 and with X (e/#) determining the relative
amount of each complex sinusoidal component. Although, in writing Eq. (2.133), we
have chosen the range of values for w between —z and +x, any interval of length 2=
can be used. Equation (2.134), the Fourier transform,? is an expression for computing
X (e/*) from the sequence x[n), i.e., for analyzing the sequence x[n] to determine how
much of each frequency component is required to synthesize x[n] using Eq. (2.133).

3Sometimes we will refer to Eq. (2.134) more explicitly as the discrete-time Fourier transform, or
DTFT, particularly when it is important to distinguish it from the continuous-time Fourier transform.
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In general, the Fourier transform is a complex-valued function of w. As with the
frequency response, we may either express X (e’“) in rectangular form as

X(e/®) = Xr(e'®) + j X1(e/®) (2.1352)
or in polar form as
X(e/®) = | X (ef®)|e < ¥ "), (2.135b)

The quantities | X (e/*)| and < X (e/) are the magnitude and phase, respectively, of the
Fourier transform. The Fourier transform is sometimes referred to as the Fourier spec-
trum or, simply, the spectrum. Also, the terminology magnitude spectrum or amplitude
spectrum is sometimes used to refer to | X(e/*)|, and the angle or phase <X (e/?) is
sometimes called the phase spectrum.

The phase <X (e/) is not uniquely specified by Eq. (2.135b), since any integer
multiple of 2 may be added to <X (e/) at any value of o without affecting the result of
the complex exponentiation. When we specifically want to refer to the principal value,
i.e., <X (e’?) restricted to the range of values between —x and +x, we will denote this
as ARG[ X (e/®)]. If we want to refer to a phase function that is a continuous function
of w for 0 < w < 7, we will use the notation arg[ X (e/)].

By comparing Egs. (2.109) and (2.134), we can see that the frequency response of
a linear time-invariant system is simply the Fourier transform of the impulse response
and that, therefore, the impulse response can be obtained from the frequency response
by applying the inverse Fourier transform integral; i.e.,

h[n] = % f H(e')e!*"dw. (2.136)

As discussed previously, the frequency response is a periodic function. Likewise,
the Fourier transform is periodic with period 2. Indeed, Eq. (2.134) is of the form of
a Fourier series for the continuous-variable periodic function X (¢/*), and Eq. (2.133),
which expresses the sequence values x[n] in terms of the periodic function X (e/*), is
of the form of the integral that would be used to obtain the coefficients in the Fourier
series. Our use of Eqs. (2.133) and (2.134) focuses on the representation of the sequence
x[n]. Nevertheless, it is useful to be aware of the equivalence between the Fourier series
representation of continuous-variable periodic functions and the Fourier transform
representation of discrete-time signals, since all the familiar properties of Fourier series
can be applied, with appropriate interpretation of variables, to the Fourier transform
representation of a sequence.

We have not yet shown explicitly that Eqgs. (2.133) and (2.134) are inverses of
each other, nor have we considered the question of how broad a class of signals can be
represented in the form of Eq. (2.133). To demonstrate that Eq. (2.133) is the inverse
of Eq. (2.134), we can find X (e/*) using Eq. (2.134) and then substitute the result into
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Eq. (2.133). Specifically, consider

% i ( io: x[m]e_j“”") e/"dw = 2[n], (2.137)

m=—00

where we have tentatively used %[r] to denote the result of the Fourier synthesis. We
wish to show that 2[n] = x[n] if X(e/®) can be found using Eq. (2.134). Note that
the “dummy index” of summation has been changed to m to distinguish it from #, the
variable index in Eq. (2.133). If the infinite sum converges uniformly for all w, then we
can interchange the order of integration and summation to obtain

o0

i)=Y x[m] (% f_ j, ef"’("‘”‘)da)). (2.138)

m=—0Q

Evaluating the integral within the parentheses gives

g [ e S
_ { 1, m=n,
0, m#n,
= §[n —m].
Thus,
%[n] = i x[m]8[n — m] = x[n],

which is what we set out to show.

Determining the class of signals that can be represented by Eq. (2.133) is equiv-
alent to considering the convergence of the infinite sum in Eq. (2.134). That is, we
are concerned with the conditions that must be satisfied by the terms in the sum in
Eq. (2.134) such that

|1 X (') <00 forall w,

where X (e/?) is the limit as M — oo of the finite sum

M
Xu(e’) = > x[n]e” /. (2.139)

n=—M

A sufficient condition for convergence can be found as follows:

e <]

Z x[n]e=/e"

n=-—00

< Y lx[n]llem|

n=—0oo

< > Ixlnll < oo

n=—oo

| X(e)| =
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Thus, if x[r] is absolutely summable, then X (e/®) exists. Furthermore, in this case, the
series can be shown to converge uniformly to a continuous function of w.

Since a stable sequence is, by definition, absolutely summable, all stable sequences
have Fourier transforms. It also follows, then, that any stable systern will have a finite
and continuous frequency response.

Absolute summability is a sufficient condition for the existence of a Fourier trans-
form representation. In Examples 2.17 and 2.20, we computed the Fourier transforms
of the sequences 8[n — ny] and [1/(M; + My + 1)](u[n + M1] — u[n — M, — 1]). These
sequences are absolutely summable, since they are finite in length. Clearly, any finite-
length sequence is absolutely summable and thus will have a Fourier transform repre-
sentation. In the context of linear time-invariant systems, any FIR system will be stable
and therefore will have a finite, continuous frequency response. When a sequence has
infinite length, we must be concerned about convergence of the infinite sum. The fol-
lowing example illustrates this case.

Example 2.21 Absolute Summability for a
Suddenly-Applied Exponential

Let x[n] = a"u[n]. The Fourier transform of this sequence is

00 o0
X(ejw) — Zane—jwn — Z(ae—jw)n
n=0 n=0
1 . —j
=— if lgae™’?| <1 or |a| <1
1—age- i@

Clearly, the condition |a| < 1 is the condition for the absolute summability of x[n]; i.e.,

> 1
Zlal" =T <% if ja| < 1. (2.140)

n=0

Absolute summability is a sufficient condition for the existence of a Fourier trans-
form representation, and it also guarantees uniform convergence. Some sequences are
not absolutely summable, but are square summable, i.e.,

o
> Ix[n]? < 0. (2.141)
n=—0oQ
Such sequences can be represented by a Fourier transform if we are willing to relax the
condition of uniform convergence of the infinite surn defining X (e/?). Specifically, in
this case we have mean-square convergence; that is, with
o0

X(ey= Y x[n]e7io (2.142a)
n=—00
and
. M v
Xu(e!®)= " x[nle~im, (2.142b)
n=—M
it follows that

lim / 1 X (/%) — Xp(e/®)Pdew = 0. (2.143)
M->00 —7
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In other words, the error | X (e/“)— Xy(e/*)| may not approach zero at each value of
w as M — oo, but the total “energy” in the error does. Example 2.22 illustrates this case.

Example 2.22 Square-Summability for the ldeal
Lowpass Filter

Let us determine the impulse response of the ideal lowpass filter discussed in Example
2.19. The frequency response is

: 1, |w| < we,
Hip(e/®) = {o, w0, < o] <7, (2.144)

with periodicity 27 also understood. The impulse response hip[n] can be found using
the Fourier transform synthesis equation (2.133):

1o
hip[n] = Zr_/ e’dw

1 we 1

- 2njn [ejwn]—wc = 2njn (/4™ — e Jem) (2.145)
sin w7
= , —00 < H < 0.
Th

We note that, since hjp[n] is nonzero for n < 0, the ideal lowpass filter is noncausal.
Also, hip[n] is not absolutely summable. The sequence values approach zero asn — oo,
but only as 1/n. This is because Hip(e/®) is discontinuous at w = w,. Since hyp[n] is not
absolutely summable, the infinite sum

oo .
Z sin wcne__jwn
nn

n=-—0oc

Hy e, M =1 Hy(e™), M =3
77T\ NN

// \\ l// \\,

-7 -, 0 w, w w - N —w, 0 w, NS 7o
(2) (b)
Hy (e, M=17 Hy (e, M=19
I\ VP _N A AAAAlALAAUA-
T \ AR
oy VN / \ ol - vavAvA PP oo
- N, 0 oV “mw -w —w, 0 W) T @

© (d)

Figure 2.21 Convergence of the Fourier transform. The oscillatory behavior at
w = w i$ often called the Gibbs phenomenon.
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does not converge uniformly for all values of . To obtain an intuitive feeling for this,
let us consider Hys(e’*) as the sum of a finite number of terms:

M .
Hu(e*)= Y 5“;%"(@". (2.146)
h=—M

We can show that Hy(e/?) can be expressed as

oy _ L “ sin[(2M + 1)(w — 6)/2]
Hule™) = 5 f sinf(o — 0)]/2

—tw,

do.

The function Hy(e/®) is evaluated in Figure 2.21 for several values of M. Note that
as M increases, the oscillatory behavior at w = w, (often referred to as the Gibbs
phenomenon) is more rapid, but the size of the ripples does not decrease. In fact, it
can be shown that as M — co, the maximum amplitude of the oscillations does not
approach zero, but the oscillations converge in location toward the point w = w,. Thus,
the infinite sum does not converge uniformly to the discontinuous function H]p(ef @)
of Eq. (2.144). However, hyp[n], as given in Eq. (2.145), is square summable, and
correspondingly, Hy(e/*) converges in the mean-square sense to Hiy(e/?); i.e.,

: joy _ Joy2 — .
B}gnoo/;anlp(e ) — Hu(e/?)|*dw = 0.

Although the error between limar, 00 Hu(e/®) and Hip(e/*) might seem unimportant
because the two functions differ only at @ = w., we will see in Chapter 7 that the be-
havior of finite sums has important implications in the design of discrete-time systems
for filtering.

It is sometimes useful to have a Fourier transform representation for certain se-
quences that are neither absolutely summable nor square summable. We illustrate sev-
eral of these in the following examples.

Example 2.23 Fourier Transform of a Constant

Consider the sequence x[n] = 1 for all n. This sequence is neither absolutely summable
nor square summable, and Eq. (2.134) does not converge in either the uniform or mean-
square sense for this case. However, it is possible and useful to define the Fourier
transform of the sequence x[n] to be the periodic impulse train*

Xy =Y 2né(w+2nr). (2.147)

r=—oQ

The impulses in this case are functions of a continuous variable and therefore are of
“infinite height, zero width, and unit area,” consistent with the fact that Eq. (2.134)
does not converge. The use of Eq. (2.147) as a Fourier representation of the se-
quence x[n] = 1 is justified principally because formal substitution of Eq. (2.147)
into Eq. (2.133) leads to the correct result. Example 2.24 represents a generalization
of this example.

_ “The impulse functionis c’gleﬁned as that “function” that has the following properties: 8(w) = Oforw 3 0;
X(e/9)s(0) = X(e/0)8(w); f_m 8(w)dw = 1; and 8(w) * X(e/?) = X(e/®), where * denotes continuous-
variable convolution. See Oppenheim and Willsky (1997) for a discussion of the impulse function.
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Example 2.24 Fourier Transform of Complex
Exponential Sequences

Consider a sequence x[rz] whose Fourier transform is the periodic impulse train

X(®) = Z 2n8(w — wo + 27r). (2.148)

r=—00

We show in this example that x[n] is the complex exponential sequence /0",

We can safely assume that —w < wg < x in this problem. If the chosen value
of wo does not satisfy this requirement, there is a choice of w in the interval which
produces the same X(e/®), since the impulses repeat periodically every 2. Thus, we
can redefine wy to be the frequency of the impulse in the summation of Eq. (2.148),
which falls in the interval between —m and & without any change in the spectrum
X(el®).

We can determine x[r] by substituting X (e/) into the inverse Fourier trans-
form integral of Eq. (2.133). Because the integration of X (e/*) extends only over one
period, from —n < w < 7, we need include only the r = 0 term from Eq. (2.148).
Consequently, we can write

n
x[n] = E];—r/ 21 8(w — wo)e’*dw. (2.149)
-

From the definition of the impulse function, it follows that
x[n] = e/@on for any n.

For wgo = 0, this reduces to the sequence considered in Example 2.23.

Clearly, x[n]in Example 2.24 is not absolutely summable, nor isit square summable,
and | X (e/*)| is not finite for all w. Thus, the mathematical statement

oo oo
Z g/omeion — Z 2n8(w — wo + 27r) (2.150)
n=-—00 r=—0o0
must be interpreted in a special way. Such an interpretation is provided by the theory
of generalized functions (Lighthill, 1958). Using that theory, we can rigorously extend
the concept of a Fourier transform representation to the class of sequences that can be
expressed as a sum of discrete frequency components, such as

x[n] = Zakef‘”"", —00 < N < 00. (2.151)
From the result of Example 2.24, it follows that
o0
Xy = 3" Y 2nad(w— wx+2nr) (2.152)
r=-o0 k . :

is a consistent Fourier transform representation of x[n] in Eq. (2.151).

Another sequence that is neither absolutely summable nor square summable is
the unit step sequence u[n]. Although it is not completely straightforward to show this
sequence can be represented by the following Fourier transform:

U(e'”) = ﬁ + Z w8(w + 2mr). (2.153)

r=-—-00
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2.8 SYMMETRY PROPERTIES OF THE FOURIER
TRANSFORM

In using Fourier transforms, it is useful to have a detailed knowledge of the way that
properties of the sequence manifest themselves in the Fourier transform and vice versa.
In this section and Section 1.9, we discuss and summarize a number of such properties.

Symmetry properties of the Fourier transform are often very useful for simplifying
the solution of problems. The following discussion presents these properties, and the
proofs are considered in Problems 1.72 and 1.73. Before presenting the properties,
however, we begin with some definitions.

A conjugate-symmetric sequence x,[n] is defined as a sequence for which x,.[n] =
x}[—n], and a conjugate-antisymmetric sequence x,[n] is defined as a sequence for which
Xo[n] = —x}[—n], where * denotes complex conjugation. Any sequence x[r] can be
expressed as a sum of a conjugate-symmetric and conjugate-antisymmetric sequence.
Specifically,

x{n] = x.[n] + x,[n], : (2.154a)
where
Xe[n] = %(x[n] + x*[-n]) = x}[—n] | (2.154b)
and
%o[n] = 3(x[n] — x*[~n]) = —x}[-n]. (2.154¢)
A real sequence that is conjugate symmetric such that x,.[n] = x,[—n] is called an even
sequence, and areal sequence that is conjugate antisymmetric such that x,[n] = —x,[—n]

is called an odd sequence.
A Fourier transform X (e/?) can be decomposed into a sum of conjugate-symmetric
and conjugate-antisymmetric functions as

X (e'?) = X.(e/°) + X, (e'®), (2.155a)
where '
X (/) = [ X (/) + X*(e7/®)] (2.155b)
and
X,(e/?) = %[X(ej‘”) — X*(e7 ). (2.155¢)

By substituting —w for win Eqgs. (2.155b) and (2.155c¢), it follows that X,(e/®)isconjugate
symmetric and X,(e/®) is conjugate antisymmetric; i.e.,

X.(e/*) = X*(e™®) | (2.156a)
and
X,(e®) = —=X*(e'*). (2.156b)

If a real function of a continuous variable is conjugate symmetric, it is referred to as an
even function, and a real conjugate-antisymmetric function of a continuous variable is
referred to as an odd function.

The symmetry properties of the Fourier transform are summarized in Table 1.1.
The first six properties apply for a general complex sequence x[n] with Fourier trans-
form X (e/?). Properties 1 and 2 are considered in Problem 1.72. Property 3 follows from
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TABLE2.1  SYMMETRY PROPERTIES OF THE FOURIER TRANSFORM

Sequence Fourier Transform
x[n] X(e)?)

1. x*[n] X*(ei®)

2. x*[-n] X*(el?)

3. Re{x[n]} X,(e/¥) (conjugate-symmetric part of X(e/?))

4. jTmix[n]} X,(e/®) (conjugate-antisymmetric part

of X(e’*))
5. xe[n] (conjugate-symmetric part  Xg(e/®) = Re{X(e/%)}
of x[n])
6. xo[n] (conjugate-antisymmetric  jXi(e/?) = jTm{X(e/*))
part of x[n])
The following properties apply only when x[n] is real:
7. Any real x[n] X(e/?)y = X*(e~/*) (Fourier transform is
conjugate symmetric)

8. Any real x[n] Xr(e/®) = Xg(e~/*) (real partis even)

9. Any real x[n] Xj(e/®) = —Xy(e~/*) (imaginary part is odd)
10. Any real x[n] | X(e/®)| = | X(e~/*)| (magnitude is even)
11. Any real x[n] <X(e/?) = —aX(e~/?) (phase is odd)
12. x.[n] (even part of x[n]) Xg(ei®)
13. x,[n] (odd part of x[n]) J X1 (ei®)

properties 1 and 2, together with the fact that the Fourier transform of the sum of two
sequences is the sum of their Fourier transforms. Specifically, the Fourier transform of
Re{x[n]} = 1(x[n] +x*[n])) is the conjugate-symmetric part of X (¢/%), or X.(e/*). Sim-
ilarly, j Tm{x[n]} = L(x[n] — x*[n]), or equivalently, j Jm{x[n]} has a Fourier transform
that is the conjugate-antisymmetric component X,(e/*) corresponding to property 4.
By considering the Fourier transform of x.[#] and x,[n], the conjugate-symmetric and
conjugate-antisymmetric components, respectively, of x[n], it can be shown that prop-
erties 5 and 6 follow.

If x[n] is a real sequence, these symmetry properties become particularly straight-
forward and useful. Specifically, for a real sequence, the Fourier transform is conjugate
symmetric; i.e., X(e/?) = X*(e~/?) (property 7). Expressing X (e¢/®) in terms of its real
and imaginary parts as

X (e/®) = Xr(e'?) + j X;(e/*), (2.157)
we can derive properties 8 and 9—specifically,
Xr(e/®) = Xgr(e™/®) (2.158a)
and _ _
Xl(ef“’) = —Xl(e"“’). (2.158b)

In other words, the real part of the Fourier transform is an even function, and the
imaginary part is an odd function, if the sequence is real. In a similar manner, by
expressing X (e/*) in polar form as

X(e!”) = | X (e))]e/ <X, (2.159)
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we can show that, for a real sequence x[n], the magnitude of the Fourier transform,
| X (e/#)|, is an even function of @ and the phase, <X (e’?), can be chosen to be an odd
function of w (properties 10 and 11). Also, for a real sequence, the even part of x[#]
transforms to Xz(e/®), and the odd part of x[n] transforms to j X;(e’®) (properties 12
and 13).

Example 2.25 Hlustration of Symmetry Properties

Let us return to the sequence of Example 2.21, where we showed that the Fourier
transform of the real sequence x[n] = a"u[n] is

X(*) = - if a] < 1. (2.160)

—aejo
Then, from the properties of complex numbers, it follows that

. 1 .
joy— - _ —je

X(e?) = e X*(e™7%) (property 7),
: 1—acosw ;
joy — = —jw

Xp(el”) = oo — = Xp(e /) (property8),
i —asinw . ‘
Joy — - _ —jw

Xi(e!*) T p— Xi(e™7?) (property 9),

1

| X(e/)] = = |X(e7/*)| (property 10),’

(1+ a? — 2acosw)1/2

<X(e™) = tan™? (i%) ——<X(e)  (property 11).
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Figure 2.22 Frequency response for a system with impulse response #[n] =
a™u[n). (a) Real part. 2 > 0; 2 = 0.9 (solid curve) and a2 = 0.5 (dashed curve).
(b) Imaginary part.
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Figure 2.22 (Continued) (c) Magnitude. a > 0; a = 0.9 (solid curve) and
a = 0.5 (dashed curve). (d) Phase.

These functions are plotted in Figure 2.22 for a > 0, specifically, a = 0.9 (solid curve)
and g = 0.5 (dashed curve). In Problem 2.43, we consider the corresponding plots for

a<0.

2.9 FOURIER TRANSFORM THEOREMS

In addition to the symmetry properties, a variety of theorems (presented in Sections
2.9.1-2.9.7) relate operations on the sequence to operations on the Fourier transform.
We will see that these theorems are quite similar in most cases to corresponding theo-
rems for continuous-time signals and their Fourier transforms. Tofacilitate the statement

of the theorems, we introduce the following operator notation:

X(?) = Fix[n]},
x[n] = FHX(@E*),

x[n] AN X(e!®).

That is, F denotes the operation of “taking the Fourier transform of x[n],” and F 1 is the
inverse of that operation. Most of the theorems will be stated without proof. The proofs,
which are left as exercises (Problem 2.74), generally involve only simple manipulations
of variables of summation or integration. The theorems in this sectioryare summarized

in Table 2.2.
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TABLE2.2 FOURIER TRANSFORM THEOREMS

Sequence Fourier Transform

x[n] X(el*)

yin] Y(e!?)
1. ax[n] + by[n] aX(el®) + bY(e/*)
2. x[n—n4] (ng aninteger) e~ jond X (e/@)
3. ef@ony[n] X (e/(@-wo)y
4. x[—n] X(e™/®)

X*(e/®) if x[n] real.

5. nx[n] ,dXd(:)”’)
6. x[n] * y[n] X(el®)Y(e/®)
7. x[n]y[n] % / X(e®) V(e dp

Parseval’s theorem:

8. Z |x[n]|2= %'/ IX(ej“’)Izda)

9. > xlnly'in] = % / X (/) Y*(e/®)dw

2.9.1 Linearity of the Fourier Transform
If

x1[n] DL Xi1(e/?)
and _

xln] <> Xo(e),
tll:en it follows by substitution into the definition of the discrete-time Fourier transform
that

axi[n] + bxa[n] <2 aXi1(e!®) + bXo(e!®). (2.161)

2.9.2 Time Shifting and Frequency Shifting
If
x[n] < X(e/®),

then, for the time-shifted sequence, a simple transformation of the index of summation
in the discrete-time Fourier transform yields

x[n — ngl <Zs e~ioma X (el®). (2.162)

Direct substitution proves the following result for the frequency-shifted Fourier trans-
foym:

e/*"x[n] PLAN X (ef(@0m@0)y, (2.163)
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2.9.3 Time Reversal
If
.'F' .
x[n] «— X(e’*),
then if the sequence is time reversed,
x[~n] << X(e77®).
If x[n] is real, this theorem becomes

x[—n] < X*(7).

2.9.4 Differentiation in Frequency
If
F jer
x[n] «— X(e!*),
then, by differentiating the discrete-time Fourier transform, it is seen that

F dX(e*
nx[n] «— j d(w ).

2.9.5 Parsevals Theorem
if
x[n] <> X(e/),
then
[s,2} 1 T
= 2 _ Joy2 )
E= ) |x[n)f =5 | 1X()de

n=-—00

Chap. 2

(2.164)

(2.165)

(2.166)

(2.167)

The function | X (e/#)|? is called the energy density spectrum, since it determines how the
energy is distributed in the frequency domain. Necessarily, the energy density spectrum
is defined only for finite-energy signals. A more general form of Parseval’s theorem is

shown in Problem 2.77.

2.9.6 The Convolution Theorem

If
x[n] <> X(e/®)
and
K[n] <I> H(e/®),
and if
yinl= " x[klhn — k] = x[n] * k(n], :
k=-00 1(
then '

Y (e/®) = X(e/®)H(e/?).

(2.168)

(2.169)
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Thus, convolution of sequences implies multiplication of the corresponding Fourier
transforms. Note that the time-shifting property is a special case of the convolution
property, since

8[n — ng] <> e~fom (2.170)
and if A[n] = 8[n — ng], then y[n] = x[n] * 8[n — ng] = x[n — ngy)]. Therefore,
H(®)=e'*"  and  Y(e/*) = e /®™X(e/).

A formal derivation of the convolution theorem is easily achieved by applying the
definition of the Fourier transform to y[n] as expressed in Eq. (2.168). This theorem can
also be interpreted as a direct consequence of the eigenfunction property of complex
exponentials for linear time-invariant systems. Recall that H(e/®) is the frequency re-

sponse of the linear time-invariant system whose impulse response is #[n]. Recall also
that if

x[n] = e/®",
then
y[n] = H(e/®)e/".

That is, complex exponentials are eigenfunctions of linear time-invariant systems, where
H(e’?), the Fourier transform of A{n], is the eigenvalue. From the definition of integra-
tion, the Fourier transform synthesis equation corresponds to the representation of a
sequence x[n] as a superposition of complex exponentials of infinitesimal size; that is,

1 [7 o 1 ' ‘
x[n] = > X(e/*)el* dey = Alj)IEO = Z X(ejkAw)e]kAwnAw.
k

ht'i1

By the eigenfunction property of linear systems and by the principle of superposition,
the corresponding output will be

1 , . . 1 /7 . C
. jkAw jkAwN , jfkAwn — jo joy,jon
y[n] = Al;r_xz() 5 Ek H(e'**) X (e!***)e Aw - ./: ) H(e’)X (e/*)e!"dw.

Thus, we conclude that
Y(e/?) = H(e'*) X (e'®),
as in Eq. (2.169).

2.9.7 The Modulation or Windowing Theorem

If
F i
x[n] «<— X (/%)
and
F i
w[n] «— W(e/®),
and if

yln} = x[n]w[n], _ (2.171)
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then

Y(e/®) = _%t_ X (e YW(el@)dp. (2.172)

-7

Equation (2.172) is a periodic convolution, i.e., a convolution of two periodic functions
with the limits of integration extending over only one period. The duality inherent in
most Fourier transform theorems is evident when we compare the convolution and
modulation theorems. However, in contrast to the continuous-time case, where this du-
ality is complete, in the discrete-time case fundamental differences arise because the
Fourier transform is a sum while the inverse transform is an integral with a periodic
integrand. Although for continuous time we can state that convolution in the time do-
main is represented by multiplication in the frequency domain and vice versa, in discrete
time this statement must be modified somewhat. Specifically, discrete-time convolution
of sequences (the convolution sum) is equivalent to multiplication of corresponding
periodic Fourier transforms, and multiplication of sequences is equivalent to periodic
convolution of corresponding Fourier transforms.

The theorems of this section and a number of fundamental Fourier transform pairs
are summarized in Tables 2.2 and 2.3, respectively. One of the ways that knowledge of

TABLE2.3 FOURIER TRANSFORM PAIRS

Sequence Fourier Transform
1. 8[n] 1
2, 8[n — ng) e~ jono
00
3.1 (—o00 < n < o0) Z 27 8(w + 2 k)
k=—o00

4, a"uln] (lal < 1) L

1 —ge-lo
1 =}
5. u[n] ‘ 1o + Z ad(w + 27k)
=-00
1
6. (n+1)a"uln] (la] <1) A= ae oy
Msinwp(n+1) 1
7, — —_— .
sinw, un] (rl<1) 1 —2r cos wpe™Jo + r2e=j2w
sin wen joy ) L o) < o,
8. mn Xe )-{0, we<|lwl <
_J1, 0<n<M sinfw(M+1)/2] _j,mp2
9. x[n] = {0, otherwise sin(w/2) €
w
10. glwon Z 278w — wo + 27K)
==00
o0
11. cos{won + @) Z [re8(w — wo + 2k) + e #8(w + wo + 27K)]

k=—0
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Fourier transform theorems and properties is useful is in determining Fourier transforms
or inverse transforms. Often, by using the theorems and known transform pairs, it is
possible to represent a sequence in terms of operations on other sequences for which
the transform is known, thereby simplifying an otherwise difficult or tedious problem.
Examples 2.26-2.30 illustrate this approach.

Example 2.26 Determining a Fourier Transform
using Tables 2.2 and 2.3

Suppose we wish to find the Fourier transform of the sequence x[n] = a"u[n — 5]. This
transform can be computed by exploiting Theorems 1 and 2 of Table 2.2 and transform
pair 4 of Table 2.3. Let x;[n] = a"u[n]. We start with this signal because it is the most
similar signal to x[n] in Table 2.3. The table states that
. 1 |
jw = . .
X1(e’®) T (2:173)
“To obtain x[n] from x; [r], we first delay x; [n] by 5 samples, i.e., x2[n] = x;[n—5]. Theo-
rem 2 of Table 2.2 gives the corresponding frequency-domain relatlonshlp, Xo(el®) =
e~ 15 X (e/*), so
e~ 5w

Xo(e/®) = @174

1—aejo’

In order to get from x;[n] to the desired x[n], we need only multiply by the constant
a3, i.e., x[n] = @°x,[n]. The linearity property of the Fourier transform, Theorem 1 of

Table 2.2, then yields the desired Fourier transform, :

jo e—]Sw
X() = T—- (2.175)
Example 2.27 Determining an Inverse Fourier
Transform Using Tables 2.2 and 2.3
Suppose that
X(ef®) = 1 (2.176)

(1 ae~Jo)(1 — be~iv)’

Direct substitution of X (e/“) into Eq. (2.133) leads to an integral that is difficult to
evaluate by ordinary real integration techniques. However, using the technique of
partial fraction expanston, which we discuss in detail in Chapter 3, we can expand
X (e/?) into the form

X( jw) —_ a/(a ) ‘b/(a - b)

—gei® 1—beie’

From Theorem 1 of Table 2.2 and t_ransform pair 4 of Table 2.3, it follows that -

xln] = (a 2 b) a"uln] - (a—i—b) B uln). (2178)

(2.177)
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Example 2.28 Determining the Impulse Response
from the Frequency Response

The frequency response of a highpass filter with delay is

e~jond o < |w| <,

H(e/?) = { 0 o] < o, (2.179)
where a period of 27 is understood. This frequency response can be expressed as
H(e’*) = e™/*"(1 — Hip(e/?)) = e~Io"d — g=iomd [ (e®),
where Hip(e/) is periodic with period 2 and

Hlp(ejw) = { 11 lﬂ)' < a)(.‘v

0, w.<|o| <m,

Using the result of Example 2.22 to obtain the inverse transform of Hi,(e/®), together
with properties 1 and 2 of Table 2.2, we have

h[n] = é[n — ng] — r[n — ng4]
sinaw.(n ~ ng)

= =nd ==

Exampie 2,29 Determining the Impuise Response
for a Difference Equation

In this example we determine the impulse response for a stable linear time-invariant
system for which the input x[n] and output y[n] satisfy the linear constant-coefficient
difference equation

y[nl = dyln ~ 1] = x[n] - ix[n - 1]. (2.180)
In Chapter 3 we will see that the z-transform is more useful than the Fourier transform
for dealing with difference equations. However, this example offers a hint of the utility

of transform methods in the analysis of linear systems. To find the impulse response,
we set x[n] = §[n]; with hA[n] denoting the impulse response, Eq. (2.180) becomes

h[n] — yhln — 1] = 8[n] — +é[n - 1]. (2.181)

Applying the Fourier transform to both sides of Eq. (2.181) and using properties 1 and
2 of Table 2.2, we obtain

H(e™) - fe~i* H(el*) =1 — }e~/*, (2.182)
or 1 .
, 1—3ze7/?
Joy — - 47
H(e) = = = (2.183)

To obtain A[n], we want to determine the inverse Fourier transform of H(e/®). Toward
this end, we rewrite Eq. (2.183) as
1 %—e‘f @

H(e'*) = — -~ — 2.184

| R v vl v v (2184)
From transform 4 of Table 2.3,

n F 1

(%) u[n] «— T

—1l,—jo’
1 zel
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Combining this transform with property 3 of Table 2.2, we obtain

1 —jo

1y(1y*1 F 3¢
— (Z)(_) ufn - 1] o %e_’,w. (2.185)
Based on property 1 of Table 2.2, then,
i) = (1) uln] — (H)(E)" uln -1, (2.186)

2.10 DISCRETE-TIME RANDOM SIGNALS

The preceding sections have focused on mathematical representations of discrete-time
signals and systems and the insights that derive from such mathematical representations.
We have seen that discrete-time signals and systems have both a time-domain and
a frequency-domain representation, each with an important place in the theory and
design of discrete-time signal-processing systems. Until now, we have assumed that the
signals are deterministic, i.e., that each value of a sequence is uniquely determined by
a mathematical expression, a table of data, or a rule of some type.

In many situations, the processes that generate signals are so complex as‘to make
precise description of a signal extremely difficult or undesirable, if not impossible. In
such cases, modeling the signal as a stochastic process is analytically useful. As an
example, we will see in Chapter 6 that many of the effects encountered in implementing
digital signal-processing algorithms with finite register length can be represented by
additive noise, i.e., a stochastic sequence. Many mechanical systems generate acoustic
or vibratory signals that can be processed to diagnose potential failure; again, signals
of this type are often best modeled in terms of stochastic signals. Speech signals to
be processed for automatic recognition or bandwidth compression and music to be
processed for quality enhancement are two more of many examples.

A stochastic signal is considered to be a member of an ensemble of discrete-time
signals that is characterized by a set of probability density functions. More specifically,
for a particular signal at a particular time, the amplitude of the signal sample at that
time is assumed to have been determined by an underlying scheme of probabilities.
That is, each individual sample x[n] of a particular signal is assumed to be an outcome
of some underlying random variable x,,. The entire signal is represented by a collection
of such random variables, one for each sample time, —o0 < n < . This collection of
random variables is called a random process, and we assume that a particular sequence
of samples x[n] for —~o0 < n < oo has been generated by the random process that
underlies the signal. To completely describe the random process, we need to specify the
individual and joint probability distributions of all the random variables.

The key to obtaining useful results from such models of signals lies in their de-
scription in terms of averages that can be computed from assumed probability laws or
estimated from specific signals. While stochastic signals are not absolutely summable or
square summable and, consequently, do not directly have Fourier transforms, many (but
not all) of the properties of such signals can be summarized in terms of averages such as
the autocorrelation or autocovariance sequence, for which the Fourier transform often
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exists. As we will discuss in this section, the Fourier transform of the autocovariance
sequence has a useful interpretation in terms of the frequency distribution of the power
in the signal. The use of the autocovariance sequence and its transform has another
important advantage: The effect of processing stochastic signals with a discrete-time
linear system can be conveniently described in terms of the effect of the system on the
autocovariance sequence.

In the following discussion, we assume that the reader is familiar with the basic
concepts of stochastic processes, such as averages, correlation and covariance functions,
and the power spectrum. A brief review and summary of notation and concepts is
provided in Appendix A. A more detailed presentation of the theory of random signals
can be found in a variety of excellent texts, such as Davenport (1970) and Papoulis
(1984).

Our primary objective in this section is to present a specific set of results that will
be useful in subsequent chapters. Therefore, we focus on wide-sense stationary random
signals and their representation in the context of processing with linear time-invariant
systems. Although, for simplicity, we assume that x[n] and h[n] are real valued, the
results can be generalized to the complex case.

Consider a stable linear time-invariant system with real impulse response k[n].
Let x[n] be a real-valued sequence that is a sample sequence of a wide-sense stationary
discrete-time random process. Then the output of the linear system is also a sample
function of a random process related to the input process by the linear transformation

yinl= Y hln—Kx[k]= > hlklx[n —k].

k=—-00 k=—o0

As we have shown, since the system is stable, y[#] will be bounded if x[n] is bounded. We
will see shortly that if the input is stationary,” then so is the output. The input signal may
be characterized by its mean m, and its autocorrelation function ¢, [m], or we may also
have additional information about first- or even second-order probability distributions.
In characterizing the output random process y[n] we desire similar information. For
many applications, it is sufficient to characterize both the input and output in terms of
simple averages, such as the mean, variance, and autocorrelation. Therefore, we will
derive input-output relationships for these quantities.
The means of the input and output processes are, respectively,

my, =E{Xp},  m,, =E{ya}, (2.187)

where £{-} denotes the expected value. In most of our discussion, it will not be necessary
to carefully distinguish between the random variables x,, and y, and their specific values
x[n] and y[r]. This will simplify the mathematical notation significantly. For example,
Egs. (2.187) will alternatively be written

miln] = Exln),  myin] = EQyinD. (2.188)

If x[n] is stationary, then m, [n] is independent of n and will be written as m,, with similar
notation for my[n] if y[n] is stationary.

5In the remainder of the text, we will use the term stationary to mean “wide-sense stationary.”
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The mean of the output process is

my[n] = E{y[n]} = ) h[kIE{x[n - K]},

k=—00

where we have used the fact that the expected value of a sum is the sum of the expected
values. Since the input is stationary, m,[n — k] = m,, and consequently,

my[n] = m, i h[k]. (2.189)

k=—00

From Eq. (2.189), we see that the mean of the output is also constant. An equivalent
expression to Eq. (2.189) in terms of the frequency response is

m, = H(e%)m,. (2.190)

Assuming temporarily that the output is nonstationary, the autocorrelation func-
tion of the output process for a real input is

¢yy[n, n+ m] = E{y[n]y[n+ m])

=& { i f: h[k)h[r]x[n — k]x[n + m — r]}

k=—00 r=~00

= Z h[k] Z h[r1€{x[n — k]x[n +m —r]}.
k=—00

r=—0C

Since x[n] is assumed to be stationary, £{x[n — k]x[n+m —r]} depends only on the time
difference m + k — r. Therefore,

eplnn+ml= " Alr] Y hlrlpulm+k—r] = ¢,[m]. (2.191)

k=—o00 r=—00
That is, the output autocorrelation sequence also depends only on the time difference
m. Thus, for a linear time-invariant system having a wide-sense stationary input, the
output is also wide-sense stationary.
By making the substitution £ = r — k, we can express Eq. (2.191) as

¢yy[m] = Z ¢xx[m - E] Z h[k]h[ﬂ + k]

= koo (2.192)
= Z ¢xx[m - E]Chh [‘e]a
{=—00
where we have defined |
c[€] = > hlkIA{L + . (2.193)
k=—00

A sequence of the form of cy,[£] is called a deterministic autocorrelation sequence
or, simply, the autocorrelation sequence of hin]. It should be emphasized that cxx[£] is
the autocorrelation of an aperiodic—i.e., finite-energy—sequence and should not be
confused with the autocorrelation of an infinite-energy random sequence. Indeed, it
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can be seen that cpy[€] is simply the discrete convolution of A[n] with A[—n]. Equa-
tion (2.192), then, can be interpreted to mean that the autocorrelation of the output of
a linear system is the convolution of the autocorrelation of the input with the aperiodic
autocorrelation of the system impulse response.

Equation (2.192) suggests that Fourier transforms may be useful in characteriz-
ing the response of a linear time-invariant system to a stochastic input. Assume, for
convenience, that m, = 0; i.e., the autocorrelation and autocovariance sequences are
identical. Then, with ®,,(e/), ®,,(e/®), and Cy(e/®) denoting the Fourier transforms
of ¢,x[m], ¢y,[m], and cpu[£], respectively, from Eq. (2.192),

B,y (€7) = Cun(e™) D x(e™). (2.194)
Also, from Eq. (2.193),
Crn(e’®) = H(e!*)H*(e/®)
= |H(/*)P,
SO
Dyy(e/?) = [H(e!®)* D x(e’). (2.195)

Equation (2.195) provides the motivation for the term power density spectrum. Specifi-

cally,
1 " -
] _ - w
EVIn) = ¢nl0]= 5= | ®ple™)dw (2.196)

= total average power in output.
Substituting Eq. (2.195) into Eq. (2.196), we have

1 r . ,
E(?[n]) = ¢,,[0) = o f_ | H(e'®) P @z (/%) dw. (2.197)

Suppose that H(e/) is an ideal bandpass filter, as shown in Figure 2.18(c). We recall
that ¢,,[] is an even sequence, so

q)x:c(ejw) = (pxx(e_jw)'
Likewise, | H(e/*)|? is an even function of w. Therefore, we can write
#,y[0] = average power in output

1 fa», ( ; \a N ( } ya (2.198)
= — Q. (e’?)dw + —/ Q. (e’?)dw.
m . xx o oy xx

Thus, the area under ®,,(e/?) for w, < |@| < wp can be taken to represent the mean-
square value of the input in that frequency band. We observe that the output power
must remain nonnegative, so

lim ¢,,[0] >0.

(wp—wg =0

This result, together with Eq. (2.198) and the fact that the band w, < @ < wp can be
arbitrarily small, implies that ‘

$,e(e/?) >0  forall w. (2.199)

Hence, we note that the power density function of a real signal is real, even, and non-
negative.
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Example 2.30 White Noise

The concept of white noise is exceedingly useful in quantization error analysis. A
white-noise signal is a signal for which ¢y, {m] = a28[m]. We assume in this example
that the signal has zero mean. The power spectrum of a white noise signal is a constant,
Le.,

@ (/) =02 for all w.

The average power of a white-noise signal is therefore

1 " 1 [7
i 2 2
$xx[0] = o /_n Oyx(e/”) dw = T /;n oy dw =0y,

The concept of white noise is also useful in the representation of random signals
whose power spectra are not constant with frequency. For example, a random signal
y[n] with power spectrum &,,(e/*) can be assumed to be the output of a linear time-
invariant system with a white-noise input. That is, we use Eq. (2.195) to define a system
with frequency response H(e/®) to satisfy the equation

®,y(e/?) = | H(e*) a7,

where o2 is the average power of the assumed white-noise input signal. We adjust
the average power of this input signal to give the correct average power for y[n]. For
example, suppose that x[n] = a"u[n]. Then

- 1
H(e/?) = —n0,
€™ 1—ge-iv
and we can represent all random signals whose power spectra are of the form
2 2

2 Oy

g, = .
* 1442 -2acosw

1

1 —ae-Jjo

d’yy(ejw) = ‘

Another important result concerns the cross-correlation between the input and
output of a linear time-invariant system:

bxy[m] = E{x[n]y[n + m]}

=& {x[n] i hlk)x[n+ m — k]} (2.200)

k=—00
= Z h[Klgxx[m — K.
k=~o0

In this case, we note that the cross-correlation between input and output is the convo-
lution of the impulse response with the input autocorrelation sequence.
The Fourier transform of Eq. (2.200) is

&y (e/?) = H(e!®)Drr(e’®). (2.201)

This result has a useful application when the input is white noise, i.e., when ¢, [m] =
a28[m]. Substituting into Eq. (2.198), we note that

¢uy[m] = o7 hlm]. (2.202)
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That is, for a zero-mean white-noise input, the cross-correlation between input and
output of a linear system is proportional to the impulse response of the system. Similarly,
the power spectrum of a white-noise input is

®,.(e/*) = o2, T <w<m. (2.203)
Thus, from Eq. (2.201),
®,y(e!?) = a2 H(e'®). (2.204)

In other words, the cross power spectrum is in this case proportional to the frequency
response of the system. Equations (2.202) and (2.204) may serve as the basis for esti-
mating the impulse response or frequency response of a linear time-invariant system if
it is possible to observe the output of the system in response to a white-noise input.

2.11 SUMMARY

In this chapter, we have considered a number of basic definitions relating to discrete-
time signals and systems. We considered the definition of a set of basic sequences, the
definition and representation of linear time-invariant systems in terms of the convolu-
tion sum, and some implications of stability and causality. The class of systems for which
the input and output satisfy a linear constant-coefficient difference equation with initial
rest conditions was shown to be an important subclass of linear time-invariant systems.
The recursive solution of such difference equations was discussed and the classes of FIR
and IIR systems defined.

An important means for the analysis and representation of linear time-invariant
systems lies in their frequency-domain representation. The response of a system to a
complex exponential input was considered, leading to the definition of the frequency
response. The relation between impulse response and frequency response was then
interpreted as a Fourier transform pair.

We called attention to many properties of Fourier transform representations and
discussed a variety of useful Fourier transform pairs. Tables 2.1 and 2.2 summarize the
properties and theorems, and Table 2.3 contains some useful Fourier transform pairs.

The chapter concludes with an introduction to discrete-time random signals. These
basic ideas and results will be developed further and used in later chapters.

Although the material in this chapter was presented without direct reference to
continuous-time signals, an important class of discrete-time signal-processing problems
arises from sampling such signals. In Chapter 4 we consider the relationship between
continuous-time signals and sequences obtained by periodic sampling.

PROBLEMS ‘

Basic Problems with Answers

2.1. For each of the following systems, determine whether the system is (1) stable, (2) causal,
(3) linear, (4) time invariant, and (5) memoryless:
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2.2.

2.3 (]

2.4!

2.5.

2.6.

2.7,

2.8.

2.9.

2 Problems 71

(a) T(x[n]) = g[n]x[n] with g[n] given

() T(x[n]) =377, x[k

© T([nl) =300, x[K]

(@) T(x[n]) = x[n — no]

(e) T(x[n]) = el

® T(x[n]) = ax[n] + b

@® T(x[n]) =x[-n]

M) T(x[n]) = x[n] + 3uln +1]

(a) The impulse response A[n] of a linear time-invariant system is known to be zero, except
in the interval No < n < Ni. The input x[n] is known to be zero, except in the interval
N, < n < Nj. As aresult, the output is constrained to be zero, except in some interval
N4 < n < Ns. Determine N4 and Ns in terms of Ny, N1, N2, and Ns.

(b) Ifx[n]iszero,exceptfor N consecutive points, and h[n] is zero, except for M consecutive
points, what is the maximum number of consecutive points for which y[r] can be
nonzero?

By direct evaluation of the convolution sum, determine the step response of a linear time-
invariant system whose impulse response is

h[n] = a "u[—n], O<a<l.

Consider the linear constant-coefficient difference equation
yln] - %y[n 1]+ %y[n —2] =2x[n—1].
Determine y[n] for n > 0 when x[n] = é[n] and y[n] = 0,n < 0.
A causal linear time-invariant system is described by the difference equation
ylr] = Sy[n — 1] + 6y[n — 2] = 2x[n —1].
(a) Determine the homogeneous response of the system, i.e., the possible outputs if x[n] =
0 for all n.

(b) Determine the impulse response of the system.
(¢) Determine the step response of the system.

(a) Find the frequency response H(e/®) of the linear time-invariant system whose input
and output satisfy the difference equation

y[ln] = Ly[n — 1] = x[n] + 2x[n — 1] + x[n — 2].
(b) Write a difference equation that characterizes a system whose frequency response is
1—1e-jo 4 i3

H(el®) = - —.
(€™) 1+ leio 4 Je-itw

Determine whether each of the following signals is periodic. If the signal is periodic, state
its period.

(a) x[n] = ein/0)

(b) x[n] = ej(3:rn/4)

(© x[n] = [sin(zn/5)]/(7n)

(d) x[n] = eimniV2

An LTI system has impulse response h[n] = 5(—1/2)"u[n]. Use the Fourier transform to
find the output of this system when the input is x[r] = (1/3)"u[n].

Consider the difference equation

yin] = 2yln =11+ gyl — 2] = gafn -1
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(a) What are the impulse response, frequency response, and step response for the causal
LTI system satisfying this difference equation.

(b) What is the general form of the homogeneous solution of the difference equation?

(¢) Consider a different system satisfying the difference equation that is neither causal nor
LTI, but that has y[0] = y[1] = 1. Find the response of this system to x[n] = §[n].

Determine the output of a linear time-invariant system if the impulse response 4[n] and
the input x[#] are as follows:

(a) x[n] = u[n] and A[n] = a"u[—n — 1], witha > 1.

(b) x[n] = u[n — 4] and k[n] = 2"u[—n - 1].

(¢©) x[n] = u[n] and k[n] = (0.5)2"u[—n].

(d) A[n] =2"u[—n — 1] and x[n] = u[n] — u[n — 10]

Use your knowledge of linearity and time invariance to minimize the work in Parts (b)-(d).
Consider an LTI system with frequency response

1—e" f2w

joy_ 1—€
H(e ) 1+%e_}.4w,

T <@w=<T.

Determine the output y[r] for all n if the input x[n] for all n is
. (T7h
x[n] = s1n(~z—) .
Consider a system with input x[n] and output y[n] that satisfy the difference equation

ylnl = nyln — 1] + x[n].

The system is causal and satisfies initial-rest conditions; i.e., if x[n] = 0 for n < ng, then
y[n] = 0 for n < nyp.

(a) If x[n] = 8[n], determine y[~] for all ».

(b) Is the system linear? Justify your answer.

(¢) Isthe system time invariant? Justify your answer.

Indicate which of the following discrete-time signals are eigenfunctions of stable, linear
time-invariant discrete-time systems:
(a) e f2mn/3
(b) 3
(© 2"u[-n-1]
() cos(won)
(e) (1/4)"
® (1/4)"u[n] + 4"u[—n — 1]
A single input—output relationship is given for each of the following three systems:
(a) System A: x[n] = (1/3)", y[n] =2(1/3)". '
(b) System B: x[n] = (1/2)", y[n] = (1/4)".
(¢) System C: x{n] = (2/3)"u[n], y[r] = 4(2/3)"uln] —3(1/2)"u[n].
Based on this information, pick the strongest possible conclusion that you can make about
each system from the following list of statements:
(i) The system cannot possibly be LT1.
(ii) The system must be LTI.
(iii) The system can be LTI, and there is only one LTI system that satisfies this input—output
constraint.
(iv) The system can be LTI, but cannot be uniquely determined from the information in
this input—output constraint.
If you chose option (iii) from this list, specify either the impulse response h{n] or the
frequency response H(e/) for the LTI system.
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Consider the system illustrated in Figure P2.15-1. The ouput of an LTI system with an
impulse response h[n] = (1) u[n + 10] is multiplied by a unit step function u[n] to yield
the output of the overall system. Answer each of the following questions, and briefly justify
your answers:

e __ ) Figure £2.15-1

(a) Is the overall system LTI?
(b) Isthe overall system causal?
(¢) Is the overall system stable in the BIBO sense?

Consider the following difference equation:

] = 33l — 1] = gyl — 2] = 3l

(a) Determine the general form of the homogeneous solution to this difference equation.

(b) Both a causal and an anticausal LTI system are characterized by this difference equa-
tion. Find the impulse responses of the two systems.

(c) Show that the causal LTI system is stable and the anticausal LTI system is unstable

(d) Find a particular solution to the difference equation when x[n] = (1/2)"u[n].

(a) Determine the Fourier transform of the sequence

[]_" 1, 0<n<M,
=90, otherwise.

(b) Consider the sequence

1
win] = 5 [1—cos(ng—n)], 0<n<M,

0, otherwise.

Sketch w[n] and express W(e/*), the Fourier transform of w[n], in terms of R (¢/®), the
Fourier transform of r[n]. (Hint: First express w[n] in terms of r[n] and the complex
exponentials ¢/27/M) and ¢~/@r/M) )

(c) Sketch the magnitude of R(e/®) and W (¢/®) for the case when M = 4.

For each of the following impulse responses of LTI systems, indicate whether or not the
system is causal:

(@) h[n] = (1/2)"un]

(b) A[n] = (1/2)u[n — 1]

(©) hln] = (1/2)"!

(d) A[n] =u[n+2] —u[n - 2]

(e) h[n] = (1/3)"u[n] + 3"u[—n — 1]

For each of the following impulse responses of LTI systems, indicate whether or not the
system is stable:

(a) h[n] = 4"u[n]

(b) h[n] = u[n] — u[n — 10]

(©) Ah[n] =3"u[—n - 1]
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(@) h[n] =sin(zn/3)uln]
(e) h[n] = (3/4)" cos(wn/4 + n/4)
(® hln] =2u[n+ 5] — u[n] — u[n - 5]

2.20. Consider the difference equation representing a causal LTI system
y[n] + (1/a)yln — 1] = x[n — 1].

(a) Find the impulse response of the system, h[n], as a function of the constant a.
(b) For what range of values of a will the system be stable?

Basic Problems

2.21. Consider an arbitrary linear system with input x[n] and output y[r]. Show that if x[n] =0
for all n, then y[r] must also be zero for all n.

2,22, For each of the pairs of sequences in Figure P2.22-1, use discrete convolution to find the
response to the input x[#] of the linear time-invariant system with impulse response h[n].

x[n] 2 hin]
—o—+—I—1~—o— ———l——ll—~—

0 1 n 0 1 n
(a)
» ] , Al
1
N ol 1,
M) 1' n 1 1 2 n
-1 -1
(b)
x[n] h[n]
1 1
-1012345 n 012345678910 12 14 16 n
(©
2 x[n]
1
-2 012 n

(d)
Figure P2.22-1

2,23. Using the definition of linearity (Eqs. (2.26a)—(2.26b)), show that the ideal delay system
(Example 2.3) and the moving-average system (Example 2.4) are both linear systems.
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2.24. The impulse response of a linear time-invariant system is shown in Figure P2.24-1. Deter-
mine and carefully sketch the response of this system to the input x[n] = u[n — 4].

hin]

Figure P2.24-1

2.25. A linear time-invariant system has impulse response h[n] = u[n]. Determine the response
of this system to the input x[n] shown in Figure P2.25-1 and described as

0, n<0,
a", 0<n< Ny,
x[n]=<¢ 0, N1 <n< Ny,
a* N Ny <n <N+ Ny,
0, N> + Ny <n,
where 0 < a < 1.
x[n]
an . a(n—Nz)
0 Mo N, N2+Ni m Figure P2.25-1
2.26. Which of the following discrete-time signals could be eigenfunctions of any stable LTI
system?
(a) 5"uln]
(b) e f2on
(c) ejwn + ejZa)n
@ 5"
(e) 5" . ef2wn

2.27. Three systems A, B, and C have the inputs and outputs indicated in Figure P2.27-1. Deter-
mine whether each system could be LTI. If your answer is yes, specify whether there could
be more than one LTI system with the given input—output pair. Explain your answer.

(%)n—-» System A —-—)—(—-)n

e"By[n] ——»| System B |[—— 2e/*8y[p]

/8 am————3=| System C > 2e/n8

Figure P2.27-1
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Determine which of the following signals is periodic. If a signal is periodic, determine its
period.

(a) x[n] = /@75

(b) x[n] =sin(xn/19)

(¢) x[n] = ne/™

@) x[n] =e"

A discrete-time signal x[n] is shown in Figure P2.29-1.

1 x[n]
2
2-10123 4 Figure P2.29-1
Sketch and label carefully each of the following signals:
(@) x[n-2]
(b) x[4 —n]
(c) x[2n]

(d) x[n]u[2 —n]

(e) x[n—1][n - 3]

For each of the following systems, determine whether the system is (1) stable, (2) causal,
(3) linear, and (4) time invariant.

(@) T(x[n]) = (cosmn)x[n]

(b) T(x[n]) = x[n?)

(©) T(x[n]) = x[n)> s, 8[n — k]

@) Tl = 3752, x[K

Consider the difference equation

sl + g5yl = 1]~ $yln~2] = xlnl.

(a) Determine the general form of the homogeneous solution to this equation.

(b) Both a causal and an anticausal LTI system are characterized by the given difference
equation. Find the impulse responses of the two systems.

(c) Show that the causal LTI system is stable and the anticausal LTI system is unstable.

(d) Find a particular solution to the difference equation when x[n] = (3/5)" u[n].

Consider an LTI system with frequency response
1+e /% f 4emi%
1+ je 2w

H(e!®) = e~ i@-%) (

). —T <w<T.

Determine the output y[#] for all # if the input for all n is
n
x[n] = cos (7) .

Consider an LTI system with |H(e/®)] = 1, and let arg[H(e/“)] be as shown in Fig-

ure P2.33-1. If the input is
x[n] = cos 3—Jrn +Z
- 2 4/

determine the output y[n].
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arg[H (e/*)]
———————— 5m/6
Slope =-1/3 w2
l ]
- ko @

—m/2 Slope =-1/3

Swf6 |- — = Figure P2.33-1
2.34. The input—output pair shown in Figure P2.34-1 is given for a stable LTI system.

) xo[n] 2 yolr]
1I I Il — ,

-1 0 1 n

Figure P2.34-1
(a) Determine the response to the input x;[n] in Figure P2.34-2.

49

x1[n]

~] —
[ ]

oocL

Figure P2.34-2

(b) Determine the impulse response of the system.

Advanced Problems

2.35. The system T in Figure P2.35-1 is known to be time invariant. When the inputs to the system
are x1[n], x2[n], and x3[n], the responses of the system are y1[n], y2[n], and y3[n], as shown.
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x4 [n] : 3 yin]
2 — T —> 2
a—o—ll—l—o—%
0 1 n 0 1 2 n
x;[n]
IZ —— T
0 1 n
x3[n] 3 . y3ln]
— T b 2
—H—-o—o—o—o—o——I—l-
01 2 3 4 n -2 -1 0 n
Figure P2.35-1

(a) Determine whether the system 7T could be linear.

(b) If the input x[n] to the system T is §[n], what is the system response y[n]?

(¢) What are all possible inputs x[#] for which the response of the system T can be deter-
mined from the given information alone?

2.36. The system L in Figure P2.36-1 is known to be linear. Shown are three output signals y1[n],
y2[n], and y3{n] in response to the input signals x;[n], xz[#], and x3[r], respectively.

x[7] 313 yiln]
sl oaldl
l 0 l " L [ o1 23 n
-1
2 =2
x;[n]
1 T1
—_— *~— —] L .
l 0 n
2
x3[n]
1 e1
_._._.._I__I_._ — L —>
0 1 n

Figure P2.36-1
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(a) Determine whether the system L could be time invariant.
(b) If the input x[#] to the system Lis 8[xn], what is the system response y[n]?

Consider a discrete-time linear time-invariant system with impulse resbénse h[n]. If the
input x[n] is a periodic sequence with period N (i.e., if x[n] = x[n + N]), show that the
output y[n] is also a periodic sequence with period N.

In Section 2.5, we stated that the solution to the homogeneous difference equation

N .
> ayuln—i =0 | (P2.38-1)
k=0

is of the form

N
wlnl =" Az, (P2.38-2)
m=1

with the Ap,’s arbitrary and the z,,’s the N roots of the polynomial

N
Z axz* = 0; (P2.38-3)
k=0

ie.,

N N ,
Z arz k= H(l — 7wz b). (P2.38-4)
k=0 m=1

(a) Determine the general form of the homogeneous solution to the difference equation
y[n] = 3y[n — 1]+ yln — 2] = 2x[n — 1). (P2.38-5)

(b) Determine the coefficients A,, in the homogeneous solution if y[~1] = 1 and y[0] = 0.

. (¢) Now consider the difference equation

y[n] = yin =11+ 3y[n —2] = 2y[n - 11. (P2.38-6)

If the homogeneous solution contains only terms of the form of Eq. (P2.38-2), show
that the initial conditions y[—1] = 1 and y[0] = 0 cannot be satisfied.

(d) If Eq. (P2.38-3) has two roots that are identical, then, in place of Eq. (P2.38-2), yx[n]
will take the form

N-1
wlnl =" Anzly +nBazl, (P2.38-7)

m=1

where we have assumed that the double root is z1. Using Eq. (P2.38-7), determine
the general form of yx[n] for Eq. (P2.38-6). Verify explicitly that your answer satisfies
Eq. (P2.38-6) with x[n] = 0.
(e) Determine the coefficients A; and B in the homogeneous solution obtained in Part (d)
if y[—1] =1 and y[0] = 0. '
Consider a system with input x[n] and output y[r]. The input—output relation for the system
is defined by the following two properties: :
1. y[n] —ay[n —1] = x[n],
2 y[O] = 1.
(a) Determine whether the system is time invariant.
(b) Determine whether the system is linear.
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(c) Assume that the difference equation (property 1) remains the same, but the value y[0]
is specified to be zero. Does this change your answer to either Part (a) or Part (b)?

2.40. Consider the linear time-invariant system with impulse response

h[n] = (l)nu[n], where j = \/:I

2
Determine the steady-state response, i.e., the response for large n, to the excitation
x[n] = cos(mn)u[n].

2.41. A linear time-invariant system has frequency response

jo
He’™) = om (3)
09 ry -~ S Iw] Sjr'

The input to the system is a periodic unit-impulse train with period N = 16; i.e.,

oo

x[n) = > &[n+ 16k].
k=—00
Find the output of the system.
2.42. Consider the system in Figure P2.42-1,
e
| |
!
: >{ + h,[n] = a"u[n] p—t—
x[n] | | yin]
! |
|
| hi[n] =B 8[n-1] !
i |
e |
h(n] Figure P2.42-1

(a) Find the impulse response A{n] of the overall system.

(b) Find the frequency response of the overall system.

(c) Specify a difference equation that relates the output y[r] to the input x[n].
(d) Is this system causal? Under what condition would the system be stable?

243. For X(e/®) = 1/(1 — ae~/®), with —1 < g < 0, determine and sketch the following as a
function of w:
(8) Re{X(e/*)}
(b) Tm{X(ei))
(©) 1X(e/)
d) <X (e/?)

2.44. Let X (e/?)denote the Fourier transform of the signal x[n] shown in Figure P2.44-1. Perform
the following calculations without explicitly evaluating X (e/®):
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2 3 4 5 6

1 -1
Figure P2.44-1

(a) Evaluate X(e/®)|,—0.

(b) Evaluate X (e/)|y=r.

(c) Find <X (e/®).

(d) Evaluate [7 X (e/*)dw.

(e) Determine and sketch the signal whose Fourier transform is X (e~7/®).

() Determine and sketch the signal whose Fourier transform is Re{X (e/*)}.

2.45. For the system in Figure P2.45-1, determine the output y[#] when the input x[r] is §[»] and
H(e’®) is an ideal lowpass filter as indicated, i.e.,

o 1, |w|l <m/2,
Joy —
H(') = {0, /2 < |@ <.

(-1)"w(n]

. w[n]
E— H(e]w)_
x[n] y[n]
H(el®)
1
T T )
1 b N
-2 -r T T W 27 w
2 2

Figure P2.45-1

2.46. A sequence has the discrete-time Fourier transform
1-a?

X(e") = 1 —-aej®)(1 - aef“’).'

la| <1.

(a) Find the sequence x[n].
(b) Calculate [ X(e/*)cos(w)dw/2.
2.47. A linear time-invariant system is described by the input—output relation
yln) = x[n] + 2x[n = 1] + x[n - 2]

(a) Determine k[n], the impulse response of the system.

(b) Is this a stable system?

(¢) Determine H(e/®), the frequency response of the system. Use trigonometric identities
to obtain a simple expression for H(e/®).
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(d) Plot the magnitude and phase of the frequency response. _
(e) Now consider a new system whose frequency response is Hi(e/) = H(e/@+)). De-
termine A, [n], the impulse response of the new system.

Let the real discrete-time signal x[n] with Fourier transform X (e/“) be the input to a system
with the output defined by

[n] = x[n], ifniseven,
=90, otherwise.

(a) Sketch the discrete-time signal s[n] = 1 + cos(zn) and its (generalized) Fourier trans-
form S(e’®).

(b) Express Y (e/?), the Fourier transform of the output, as a function of X (e/“) and S(e/*).

(¢) You would like to approximate x[n] by the interpolated signal win] = y[n] +
(1/2)(y[n + 1] + y[n — 1]). Determine the Fourier transform W(e/*) as a function
of Y (e/®).

(d) Sketch X{(e/®), Y (e/*),and W(e/®) for the case when x[n] = sin(wn/a)/(wn/a) anda >
1. Under what conditions is the proposed interpolated signal w{n] a good approximation
for the original x[n].

Consider a discrete-time LTI system with frequency response H(e/®) and corresponding
impulse response A[n].
(a) We are first given the following three clues about the system:
(i) The system is causal. '

(i) H(e/®)= H*(e~/®).

(iii) The DTFT of the sequence A[n + 1] is real.

Using these three clues, show that the system has an impulse response of finite duration.
(b) In addition to the preceding three clues, we are now given two more clues:

(iv) -21; / " H(e!*)dw =2.

(v) H(e/")=0.
Is there enough information to identify the system uniquely? If so, determine the
impulse response A[n]. If not, specify as much as you can about the sequence A[n].

Consider the three sequences

v[n] = u[n] — u[n - 6],
w(n] = é[n] +26[n — 2] + 8[n — 4],
q[n] = vin] x w[n].

(a) Find and sketch the sequence g[n].
(b) Find and sketch the sequence 7[#] such that 7[n] x v[n] = ',:;1_ oo ALK).
(¢) Is g[—n] = v[—n] » w[—n]? Justify your answer.

A linear time-invariant system has impulse response k[n] = a"u[n].

(a) Determine y1[n], the response of the system to the input x;[n] = e/(*/2)",

(b) Use the result of Part (a) to help to determine y;[n], the response of the system to the
input x2[n] = cos(rn/2).

(¢) Determine y3[n], the response of the system to the input x3[xn] = e/*/2ny[n).

(d) Compare y3[n] with y1[n] for large n.
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The frequency response of an LTI system is
H(ef“’) = e fol4 —-T <w<T.
Determine the output of the system, y[n], when the input is x[r] = cos(5wn/2). Express
your answer in as simple a form as you can.
Consider the cascade of LTI discrete-time systems shown in Figure P2.53-1.

| LTI system | LTIsystem
#1 wn] #2

e
x[n]

— -

ylnl  Figure P2.53-1

The first system is described by the equation

; 1, |w| <05n
joy H
Hy(e') = {o, 0.57 < |o] < 7,

and the second system is described by the equation
y[n] = wln] —win —1].
The input to this system is
x[n] = cos(0.6n) + 38[n — 5] + 2.

Determine the output y[r]. With careful thought, you will be able to use the properties of
LTI systems to write down the answer by inspection.

Consider an LTI system with frequency response

Determine y[n], the output of this system, if the input is
x[n] = cos Lan _ =
- 4 3

For the system shown in Figure P2.55-1, System 1 is a memoryless nonlinear system. System
2 determines the value of A according to the relation

100
A= Z yln].

n=0

for all n.

> System 1 > LTI >
x[n] win] [ Stable | yn]

System2 p——>

4 Figure P2.55-1

Specifically, consider the class of inputs of the form x[n] = cos(wn), with o a real finite
number. Varying the value of w at the input will change A;i.e., Awill be a function of . In
general, will A be periodic in @? Justify your answer.

Consider a system S with input x[#] and output y[r] related according to the block diagram
in Figure P2.56-1.

x[n] —{ T — LT‘,f[iTe‘“ — (]

ejoon Figure P2.56-1
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The input x[n] is multiplied by e~/#0", and the product is passed through a stable LTI system

with impulse response A[n].

(a) Isthe system S linear? Justify your answer.

(b) Is the system S time invariant? Justify your answer.

(c) Is the system § stable? Justify your answer.

(d) Specify asystem C such that the block diagram in Figure P2.56-2 represents an alterna-
tive way of expressing the input—output relationship of the system S. (Note: The system
C does not have to be an LTI system.)

Y

x[n] = h[n]e/oon C —> y[n]

Figure P2.56-2

An ideal lowpass filter with zero delay has impulse response hyp[n] and frequency response

; 1, |w| <0.2n,
joy =
Hip(e!®) = {0, 027 < |w| <.

(8) A new filter is defined by the equation hy[n] = (—1)"hip[n] ='e/™py,[n]. Determine
an equation for the frequency response of H;(e/*), and plot the equation for |w| < x.
What kind of filter is this?

(b) A second filter is defined by the equation A3[n] = 2hip[n] cos(0.57n). Determine the
equation for the frequency response Hz(e’/®), and plot the equation for |w| < 7. What
kind of filter is this?

(c) A third filter is defined by the equation

sin(0.1rn)

h3ln] = ——

hlp [n]

Determine the equation for the frequency response Hi(e/®), and plot the equation for
|w| < 7v. What kind of filter is this?

The LTI system

joy _ ) =) O<w<m,
Hee )_{j, —T<w<0,

is referred to as a 90° phase shifter and is used to generate what is referred to as an analytic
signal w[n] as shown in Figure P2.58-1. Specifically, the-analytic signal w[n] is a complex-
valued signal for which

Re{w[n]} = x([n],
Im{w[n]} = y[n].

pre » Re {w[n]}

H(e/) f— $m (w[n]

yin Figure P2.58-1

If X (e/*)is as shown in Figure P2.58-2, determine and sketch W(e/), the Fourier transform
of the analytic signal w[n] = x[n] + jy[n].
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Re (X (e™) ) ' $m (X)) =0

r T W —aT T

Figure P2.58-2

2.59. The autocorrelation sequence of a signal x[n] is defined as

o0

Rinl= Y x*[klx[n+ A].

k=-—0C

(a) Show that for an appropriate choice of the signal g[n], R,[n] = x[n] * g[#], and identify
the proper choice for g[n].
(b) Show that the Fourier transform of R,[n} is equal to | X (/).

2.60. The signals x[#] and y[n] shown in Figure P2.60-1 are the input and corresponding output
for an LTT system.

y[n]

1 x[n]

-1 -1 Figure P2.60-1
(a) Find the response of the system to the sequence x;[#] in Figure P2.60-2.

1 xofn]

-1 Figure P2.60-2

(b) Find the impulse response k[n] for this LTI system.
2.61. Consider a system for which the input x[#] and output y[n] satisfy the difference equation

¥l = 3¥ln — 1] = x[n]

and for which y[—1] is constrained to be zero for every input. Determine whether or not
the system is stable. If you conclude that the system is stable, show your reasoning. If you
conclude that the system is not stable, give an example of a bounded input that results in
an unbounded output.

Extension Problems

2.62. The causality of a system was defined in Section 2.2.4, From this definition, show that, for
a linear time-invariant system, causality implies that the impulse response k[n] is zero for
n < 0. One approach is to show that if A[n] is not zero for n < 0, then the system cannot
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be causal. Show also that if the impulse response is zero for n < 0, then the system will
necessarily be causal.

Consider a discrete-time system with input x[n] and output y[r]. When the input is

the output is
1 n
y[n] = (§> for all n.

Determine which of the following statements is correct:

¢ The system must be LTI,
¢ The system could be LTI.
¢ The system cannot be LTI.

If your answer is that the system must or could be LTI, give a possible impulse response. If
your answer is that the system could not be LT, expiain clearly why not.

Consider an LTI system whose frequency response is
H(e/*)y=e 1*2, |o| <.
Determine whether or not the system is causal. Show your reasoning.

In Figure P2.65-1, two sequences x;[n] and x»[#] are shown. Both sequences are zero for all
n outside the regions shown. The Fourier transforms of these sequences are X(e/*) and
X(e/®), which, in general, can be expected to be complex and can be written in the form

X1(e?) = A(w)e/@,
Xz(ej“’) = Az(a))ejez(“’),

where A;(w), 61(w), A2(®), and 8;(w) are all real functions chosen so that both A;(w) and
Az(w) are nonnegative at @ = 0, but otherwise can take on both positive and negative
values, Determine appropriate choices for 61(w) and 8;(w), and sketch these two phase
functions in the range 0 < w < 27, '

2 2 xl[n]
1 1
) 20 1T s B
3 2 l 1 2 1 5 6 n
-1 -1
—44 ~4 @
4 4 » x,[n]
2 2
1 1
Tlardlr oy s
4 -3 2 l o 1 2 3 ] . 7 l 10
-2 2
-4 -4

Figure P2.65-1
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2.66. Consider the cascade of discrete-time systems in Figure P1.66-1. The time-reversal systeins
are defined by the equations f[n] = e[—n] and y[n] = g|[—n]. Assume throughout the
problem that x[#] and A4 [n] are real sequences.

|
|
: LTI
|

—T system > rT\iﬁz;l
hyln] 11 s
x[n] | 117 e[n] system

| Hy(e!”) Y

|

|

of h1 [I’l]

LTI
system Time-
A » reversal |—+——>
1[n] gln] system I y[n]
Hy(e?) |
|

Figure P2.66-1
(a) Express E(e/?), F(e/®), G(e/®), and Y (¢/®) in terms of X(e/®) and Hi(e/®).
(b) The result from Part (a) should convince you that the overall system is LTI. Find the

frequency response H(e!®) of the overall system.
(¢) Determine an expression for the impulse response #[n] of the overall system in terms

2.67. The overall system in the dotted box in Figure P1.67-1 can be shown to be linear and time

invariant.

(a) Determine an expression for H(e/®), the frequency response of the overall system from
the input x[n] to the output y[x], in terms of Hj(e/?), the frequency response of the
internal LTI system. Remember that (—1)" = ¢/™".

(b) Plot H(e/®) for the case when the frequency response of the internal LTI system is

Hy(e/®) = {

1,

system
hy[n]

Causal LTI

Ia)| < a)C!
0, we<l|ol=m.

Figure P2.67

-1

2.68. Figure P1.68-1 shows the input-output relationships of Systems A and B, while Fig-
ure P1.68-2 contains two possible cascade combinations of these systems.

xy[n] ——

System A

xp[n] ——>

System B

——> yaln]=x4[-n]

—> ygln] =xp[n +2]

xy[n] =——{

System A

System B

> W [n]

xo[n] =i

System B

System A

wy[n]

Figure P2.68-1

Figure P2.68-2
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If x1[n] = x3[n], will wi [r] and w[n] necessarily be equal? If your answer is yes, clearly and
concisely explain why and demonstrate with an example. If your answer is not necessarily,
demonstrate with a counterexample.

2.69. Consider the system in Figure P2.69-1, where the subsystems S; and §; are LTT.

Y
n
—

x[n]

e e e e e ! Figure P2.69-1

(a) Is the overall system enclosed by the dashed box, with input x[#n] and output y[n] equal
to the product of y;[n] and y;[r], guaranteed to be an LTI system? If so, explain your
reasoning. If not, provide a counterexample.

(b) Suppose 51 and S, have frequency responses Hy(e/®) and H,(e/*) that are known to
be zero over certain regions. Let

Hi(e®) = {0, || < 0.2,

unspecified, 027 < |o| <,

jwy _ | unspecified, |w| < 0.4,
HZ(e ) B {0, 04rn < |w| < m.

Suppose also that the input x[#] is known to be bandlimited to 0.3x, i.e.,

joy _ ) unspecified, |e| < 0.3m,
X(e™) = {0, 037 < |w| < 7.

Over what region of —~7 < w < 7 is Y(e/*), the DTFT of y[n], guaranteed to be zero?

2.70. A commonly used numerical operation called the first backward difference is defined as

y[n] = V(x[n]) = x[n] — x[n - 1],

where x[n] is the input and y[#n] is the output of the first-backward-difference system.
(a) Show that this system is linear and time invariant.

(b) Find the impulse response of the system.

(¢) Find and sketch the frequency response (magnitude and phase).

(d) Show that if

x[n] = fln] = g[n], ‘
then ‘
V(x[n]) = V(f[n]) * g[n] = fin] * V(gln)),

where * denotes discrete convolution.
(e) Find the impulse response of a system that could be cascaded with the first-difference
system to recover the input; i.e., find ;[n], where

hi[n] * V(x[n]) = x[n].

2.71. Let H(e/®) denote the frequency response of an LTI system with impulse response A[n],

where h[n] is, in general, complex.
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(a) Using Eq. (2.109), show that H*(e~/#) is the frequency response of a system with
impulse response ~*[n], where * denotes complex conjugation.

(b) Show that if h{n] is real, the frequency response is conjugate symmetric, i.e., H(e™/*) =
H*(e!®).

Let X (e/*) denote the Fourier transform of x[#]. Using the Fourier transform synthesis or

analysis equations (Eqs. (2.133) and (2.134)), show that

(a) the Fourier transform of x*[n] is X*(e~/®),

(b) the Fourier transform of x*[—n] is X*(e/®). ‘

Show that for x{n] real, property 7 in Table 2.1 follows from property 1 and that properties

8-11 follow from property 7.

In Section 2.9, we stated a number of Fourier transform theorems without proof. Using the
Fourier synthesis or analysis equations (Eqs. (2.133) and (2.134)), demonstrate the validity
of Theorems 1-5 in Table 2.2.

In Section 2.9.6, it was argued intuitively that
Y(e/?) = H(e/*) X (e®), (P2.75-1)

when Y (e/*), H(e/®), and X (e/®) are, respectively, the Fourier transforms of the output
y[n], impulse response k[n], and input x[n] of a linear time-invariant system; i.e.,

(o ¢]

yirl= > x[klhln— . (P2.75-2)

k=—00

Verify Eq. (P2.75-1) by applying the Fourier transform to the convolution sum given in
Eq. (P2.75-2).

By applying the Fourier synthesis equation (Eq. (2.133)) to Eq. (2.172) and using Theorem 3
in Table 2.2, demonstrate the validity of the modulation theorem (Theorem 7, Table 2.2).

Let x[n] and y[n] denote complex sequences and X (e/*) and Y (e/#) their respective Fourier

transforms.

(a) By using the convolution theorem (Theorem 6 in Table 2.2) and appropriate properties
from Table 2.2, determine, in terms of x[n] and y[n], the sequence whose Fourier
transform is X (e/®)Y*(e/®).

(b) Using the result in Part (a), show that

x

z x[n]y*[n] = 51; /’f X(e*)Y*(e/)dw. (P2.77-1)

R=—~00

Equation (P2,77-1) is a more general form of Parseval’s theorem, as given in Sec-
tion 2.9.5.
(¢) Using Eq. (P2.77-1), determine the numerical value of the sum

f: sin(wrn/4) sin(n/6)

2nn Snn
n=—00

Let x[n] and X (e/?) represent a sequence and its Fourier transform, respectively. Deter-
mine, in terms of X(e/®), the transforms of ys[n], ys[n], and y.[n]. In each case, sketch
Y (e/) for X(e/*) as shown in Figure P2.78-1.
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X(e'®)

27 - aT 2w @  Figure P2.78-1
(a) Sampler:

x\ni, n eeven,
ysln] = {0[ : n odd.

Note that y;[n] = }{x[n] + (—1)"x[n]} and —1 = /™.
(b) Compressor:

ya[n] = x[2n].
(¢) Expander:

2], .
] = {3}"/ ] meven

2.79. The two-frequency correlation function &, (N, ) is often used in radar and sonar to evalu-
ate the frequency and travel-time resolution of a signal. For discrete-time signals, we define

oo
Oy(N, w) = Z x[n + Nlx*[n — N]e /o,
n=-=00
(a) Show that
¢ (=N, —w) = O}(N, w).
®) If
x[n] = Aa"u[n], 0<a<l,

find ®,(N, w). (Assume that N > 0.)

(c) The function ®;(N, w) has a frequency domain dual Show that

Ox(N,0) = 1 f X (/@) X0 (eI~ gi2oN gy,

4

2,80, Let x[n] and y[n] be stationary, uncorrelated random sfgnals. Show that if
wln] = x[n] + y[n],
then

2

- 2 2
my=m;+my and o, =o0; +o0,.

2.81. Let e[n] denote a white-noise sequence, and let s[n] denote a sequence that is uncorrelated
with e[n]. Show that the sequence

yln] = s[rle[n]
is white, i.e., that
E{y[n]yln + m]} = As{m],

where Ais a constant.



Chap.

2.82.

2.83.

2.84.

2.85.

2l86.

2.87.

2 Problems -9

Consider a random signal x[n] = s[n] + e[n], where both s[zn] and e[#n] are indepen-
dent zero-mean stationary random signals with autocorrelation functions ¢ss[m] and ¢.[m]
respectively.

(a) Determine expressions for ¢ [m] and @, (e/®).

(b) Determine expressions for ¢y [m] and ®,.(e/?).

(¢) Determine expressions for ¢, [m] and ®,;(e/?).

Consider an LTI system with impulse response A[n] = a"u[n] with |a| < 1.

(a) Compute the deterministic autocorrelation function ¢y [#] for this impulse response.
(b) Determine the energy density function | H(e/)|? for the system.

() Use Parseval’s theorem to evaluate the integral

1 T ,
— f | H(e/) | dw
2r J_,

The input to the first-backward-difference system (Example 2.10) is a zero-mean white-

noise signal whose autocorrelation function is ¢y [m] = 028[m].

(a) Determine and plot the autocorrelation function and the power spectrum of the cor-
responding output of the system.

(b) What is the average power of the output of the system?

(c) What does this problem tell you about the first backward difference of a noisy signal?

for the system.

Let x[n] be a real, stationary, white-noise process, with zero mean and variance o?. Let y{n]
be the corresponding output when x[n] is the input to a linear time-invariant system with
impuise response A[n]. Show that

(@ E{x[n]y[n]) = h[0]o7,

(b) oryz =023 >~ _ H[nl.

Let x[n] be a real stationary white-noise sequence, with zero mean and variance crf. Let
x[#] be the input to the cascade of two causal linear time-invariant discrete-time systems,
as shown in Figure P1.86-1.

—— hy[n] » hy[n] b—
x[n] y[n] wln]  Figure P2.86-1
@) Isol =023 0 HLk]?
(b) Isol =023 2o h3k]?
(¢) Let hy[n] = a"u[n] and hz[n] = b"u[n]. Determine the impulse response of the overall

system in Figure P1.86-1, and, from this, determine o2. Are your answers to parts (b)
and (c) consistent?

Sometimes we are interested in the statistical behavior of a linear time-invariant system
when the input is a suddenly applied random signal. Such a situation is depicted in Fig-

ure P1.87-1.
—o)(o—> hn] p—————
x[n] win] ylnl
(switch closed at n = 0) Figure P2.87-1

Let x[n] be a stationary white-noise process. The input to the system, w[x], given by

is a nonstationary process, as is the output y[n].
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(a) Derive an expression for the mean of the output in terms of the mean of the input.

(b) Derive an expression for the autocorrelation sequence ¢y,[n1, nz] of the output.

(¢) Show that, for large n, the formulas derived in parts (a) and (b) approach the results
for stationary inputs.

(d) Assume that h[n] = a"u[n]. Find the mean and mean-square values of the output in
terms of the mean and mean-square values of the input. Sketch these parameters as a
function of .

Let x[n] and y[n] respectively denote the input and output of a system. The input—output

relation of a system sometimes used for the purpose of noise reduction in images is given
by

2
1] = STl = ) + sl
where ’
1 n+1
oflnl =3 3 (clkl = mulnl)?,
k=n—1
1 n+1
moln] = k§lx[k],
2 J ol —al, aln] 2 ay,
% nl = { 0, otherwise,

and o2 is a known constant proportional to the noise power.

(a) Isthe system linear?

(b) Is the system shift invariant?

(¢) Is the system stable?

(d) Is the system causal?

(e) For a fixed x[n], determine y[n] when o2 is very large (large noise power) and when

" 62 is very small (small noise power). Does y[n] make sense for these extreme cases?

Consider a random process x[#z] that is the response of the linear time-invariant system
shown in Figure P2.89-1. In the figure, w[n] represents a real zero-mean stationary white-
noise process with E{w?[n]} = 2.

—_—HEy=-— 1 |
w[n] 1-05e&7® x[n] B

Figure P2.89-1

() Express £(x*[n]} in terms of ¢, [r] or @y, (e/®).

(b) Determine &,,(e’/?), the power density spectrum of x[n].

(¢) Determine ¢y, [n], the correlation function of x[n].

Consider a linear time-invariant system whose impulse response is real and is given by k[n].

Suppose the responses of the system to the two inputs x[#] and v[n] are, respectively, y[n]
and z[n], as shown in Figure P2.90-1.

—1 h[n] p—>
x[n] y[n]

—1 h[n} p—>

v[n] z[r)  Figure P2.90-1
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The inputs x[n] and v[r] in the figure represent real zero-mean stationary random processes

with autocorrelation functions ¢,,[n] and ¢,,[#n], cross-correlation function ¢,,[n], power

spectra ®,,(e/®) and ®,,(e/?), and cross power spectrum ®,,(e/¢).

(@) Given ¢yi[n], dus[n], dxvln], xx(e/?), ®yu(e/?), and ®,,(e/®), determine ®,,(e/®), the
cross power spectrum of y[n] and z[n], where ®,.(e/®) is defined by

¢yz["] ‘i’ ¢yz(ejw)v |

with ¢y;[n] = E{y[klz[k—n]}. _
(b) Is the cross power spectrum ®,,(e/*) always nonnegative; i.e., is ®,,(e/*) > 0 for all
w? Justify your answer.

Consider the LTI system shown in Figure P2.91-1. The input to this system, ¢[n], is a station-
ary zero-mean white-noise signal with average power 2. The first system is a backward-
difference system as defined in Eq. 2.45 with f[n] = e[n] — e¢[n — 1]. The second system is
an ideal lowpass filter with frequency response

; 1, |o| < w,
joy = J &
Hy(e'") = {O, w, < |w| € 7.

LTI system .| LTI system

#1 f['T #2

e[n]

.

gl Figure P2.91-1

(a) Determine an expression for ® s¢(e/?), the power spectrum of f[n], and plot this ex-
pression for —27 < w < 2m.

(b) Determine an expression for ¢ ¢¢[m], the autocorrelation function of f[n].

(c) Determine an expression for ®g(e/®), the power spectrum of g[n], and plot this
expression for —27 < w < 27.

(d) Determine an expression for agz, the average power of the output.




